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Abstract. We study the Schubert calculus of the affine Grassmannian Gr of 
the symplectic group. The integral homology and cohomology rings of Gr are 
identified with dual Hopf algebras of symmetric functions, defined in terms of 
Schur's P and Q functions. An explicit combinatorial description is obtained 
for the Schubert basis of the cohomology of Gr, and this is extended to a 
definition of the affine type C Stanley symmetric functions. A homology Fieri 
rule is also given for the product of a special Schubert class with an arbitrary 



1. Introduction 

Let G be a simply-connected simple complex algebraic group and let Grg denote 
the affine Grassmannian of G. Following Peterson [22] and Lam [15] we study the 
homology and cohomology Schubert calculus of Gr5p2„(C)- 

The structure of 77, (Grg j3 and H*{Gvg) is particularly rich because of the inter- 
action of two phenomena. On the one hand, Gvq inherits free Z-module Schubert 
bases {^^ G iJ*(GrG)} and {^^ G H*{Gt:g)} from its presentation Grc ^ Q /V 
where Q is the affine Kac-Moody group associated to G and 7-" C C/ is a maximal 
parabohc subgroup. On the other hand, it is a classical result of Quillen [M] (see 
also [7] and [53]) that Grp is homotopy equivalent to the based loops Q.K into the 
maximal compact subgroup K C G. The group structure on QK endows iJ, (Grg) 
and H*{GrG) with the structure of dual Hopf algebras. 

The dual Hopf algebras H^{Gig) and H*{Gig) were first studied intensively 
by Bott [2]. Bott gave an algorithm to compute these Hopf algebras in terms of 
the Cartan data of G, essentially by transgressing elements of H*{K) to obtain 
the primitive elements in H*{Gt:g)- With Q-coefficients, H*{K,Q) is an exterior 
algebra with odd-dimensional generators so H* {Gig,Q) is a polynomial algebra 
on even-dimensional generators. The situation is even more favorable when G = 
Sp2n['C) since S'p2n(C) is torsion- free and iJ* (Grgp^^ (c) ) is a polynomial algebra 
over Z. Bott comments that his description does not give polynomial generators 
for i7,(Gr5p2„(c))- We resolve this by producing n special Schubert classes which 
are polynomial generators over Z. 

Our main result identifies H,,(GT:sp2n(C)) and H* {Gi sp2r^(C)) with certain dual 
Hopf algebras r(„) and F^"^ of symmetric functions, defined in terms of Schur's 

P- and Q-functions [20]. We explicitly describe symmetric functions Q^w^ G F^^"^ 
which represents the cohomology Schubert basis. These symmetric functions are 
constructed using the combinatorics of a remarkable subset Z C C„ of the affine 
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Weyl group Cn of S'p2n(C). In fact the cohomology representatives Qw extend 
to a larger family of symmetric functions: the type C affine Stanley symmetric 
functions. 

1.1. Peterson's work on afRne Schubert calculus. Our results rely heavily 
on the work of Peterson ^22] who defined a Hopf embedding j : HxiGrG) A 
of the T-equivariant cohomology of Grg as a commutative subalgebra of the nil- 
Hecke ring A = Ag of Kostant and Kumar [12]. Here T C K is a maximal torus. 
Peterson characterizes the image j{£,x) of the Schubert basis of Ht{Gig) in terms 
of certain identities inside A. In the non-equivariant case, Lam [15| showed that 
Peterson's embedding specializes to a Hopf isomorphism jo : H^, (Grc) B with an 
algebra which he called the affine Fomin-Stanley subalgebra. We give an explicit 
combinatorial formula for generators of B in the case G = Sp2n{'C). 

1.2. Earlier work for G = SLn{C). For G = SLn{C), Lam H5j identified the 
Schubert basis of H.^,{GIsLr^{C)) with symmetric functions, called fc-Schur functions, 
of Lapointe, Lascoux and Morse ^E\] these arose in the study of Macdonald poly- 
nomials. The Schubert basis of H*{Gtsl„(C)) are the dual /c-Schur functions [19] 
which are generalized by the affine Stanley symmetric functions |14j . In [16j Pieri 
rules were given for the multiplication of Bott's generators on the Schubert bases 
of Bott's realization of 7?*(Gr5i^(c)) a-^d -^^*(Gr5L^(c))- Furthermore, a combi- 
natorial interpretation of the pairing between H^:{Grsi^^^Q) and H* {Gtsl„{c)) is 
given. 

1.3. Two Hopf algebras of symmetric functions. Let A denote the ring of 
symmetric functions over Z. Let Pi and Qi denote the Schur P- and Q-functions 
with a single part [20, III. 8]. Define the Hopf subalgebras of A given by F* = 
Z[Pi, Pa, • • ■] and F* = Q2, • ■ •]• There is a natural pairing (see (|2T4l) ) [•, •] : 
F* X F* ^> Z making F* and F* into dual Hopf algebras. For n > 1 the subspace 
F(„) = Z[Pi, P2, ■ ■ • , P2n] C F, is a Hopf subalgebra and we let F* ^ F^") be the 
dual quotient Hopf algebra. 

1.4. Special classes. The affine Weyl group of Sp2ji{'C), denoted C„, has sim- 
ple generators sq, si, . . . , s„ with the relations (|3.2p . Let denote the minimal 
length coset representatives of C„/C„, also called the Grassmannian elements of 
Cn. Define G (7° by 



The homology Schubert classes G i?*(Gr5p2„(C)) fo^' 1 < « < 2rt, are called 
special classes. 

1.5. Zee-s. Let Z be the Bruhat order ideal in C„ generated by the conjugates of 
the element p2m that is, the set of w G C„ which have a reduced word that is a 
subword of a rotation of the unique reduced word of p2n • An element of Z is called 
a Z . Let = {w G Z I £(w) = r} denote the set of Z-s of length l{w) equal to r. 

Example 1.1. Let n = 2. Then Z consists of the elements of C2 which have a 
reduced word that is a subword of one of the words 1210, 2101, 1012, 0121. 



(1.1) 




S2n+i-iS2n+2-~i ' ' ' Sn-is„s„-i • • • SiSq for n + 1 < z < 2n. 



for 1 < i < n 
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Given a word u with letters in /af, its support Supp(u) C /af is by definition 
the set of letters appearing in u. For w G C„ define Supp(?i;) — Supp(w) for any 
reduced word u; this is independent of the choice of u. A component of a subset of 
/af is by definition a maximal nonempty subinterval. Let c(w) denote the number 
of components of Supp(u'). 

1.6. Afflne type C Stanley symmetric functions. For w G Cn we define the 
generating function 

(1.2) q^-Hy]= E ll^^^''V/^'\ 

where the sum runs over the factorizations v^v"^ ■ ■ ■ — w oi w such that v'^ € Z and 
eiv^)+£{v^) + ---^£{w). 

Theorem 1.2. The series Q')^^ is symmetric and defines an element ofT^"'K The 
subset {Qi""* I V G C*"} forms a basis o/ F*^"^ such that all product and coproduct 
structure constants are positive and every Qw^^ for w G Cn is positive in this basis. 

(n) 

The symmetric functions Qw are type C analogues of the affine Stanley sym- 
metric functions studied in [14j . Some examples for the type C affine Stanley 
symmetric functions are given in Appendix |B] They have the following geometric 
interpretation. 

Let LSp{n) and nSp{n) denote respectively the space of all loops and based 
loops, into the maximal compact subgroup Sp(n) C Sp2ni!C) and let T C Sp{n) be 
the maximal torus. Let p : ilSp{n) — » LSp(n)/T denote the composition VlSp{n) ^ 
LSp{n) LSp{n)/T of the inclusion and natural projection. The type C affine 
Stanley symmetric functions Q^T'* can be identified via Theorem I 1.31 fsee below) with 
the pullbacksp*(C'") of the Schubert classes^'" G H*{LSp{n)/T). This follows from 
(ISTj) and [m Remark 8.6]. See also [HI Remark 4.6]. For w e C°, p*(C"') is itself 
a Schubert class in H* {QSp{n)) = H*{Gtsp2„(c)) as detailed below. 

1.7. (Co)homology Schubert polynomials. The Hopf algebras H* {Grsp2„iC)) 
and i/*(Gr5p2^(c)) are dual via the cap product. The Schubert bases {^x G 
H^,{Gig)} and {^^ G H*{Gig)} are dual under the cap product and are both 
indexed by the Grassmannian elements x G Cj'J. 

Theorem 1.3. There are dual Hopf algebra isomorphisms 

$ : r(„) H^{Grsp2„(C)) 
vI':i/*(Grsp,„(c))^r(") 

such that 

$(P,) = forl<i< 2n, and 

«'(r) = QL") forweC'^. 

Since T(^n) = "^[Pi^ • ■ • i P2n-i], we obtain in particular that /f*(Gr5p2„(C)) is a 
polynomial algebra on Cpi i Cpa i • ■ • j Cp2n-i ■ I* also follows that the basis {Pi,"^ ] w G 
C^} of r(„) dual to {qIJ^^ \ w G (7°} C F^") maps to the homology Schubert classes 

G H* {Gisp2,i(c))- The symmetric functions Pi,"'' are Schubert polynomials for 
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i/*(Gr5p2^(C)) and are the type C analogue of fc-Schur functions [El [18]. Examples 
are given in Appendix ICl 

1.8. Pieri rule for i7*(Gr5p2„(C))- We also give a positive formula for the multi- 
plication of an arbitrary homology class by a special class. 

Theorem 1.4. Let w G C". Then in H^{Gtsp2„(C)) we have 

where the sum is taken over all v £ Zi such that £{vw) = £{v) +i{w) and vw G C^. 

1.9. Future work and other directions. 

1.9.1. Pieri rule for H* {Grsp2n{C)) '^iT-d- explicit description of homology Schubert 
basis. We hope to describe the symmetric functions {P^,"' | w € C^} C r(„) explic- 
itly in the future, perhaps in a manner similar to the strong tableaux in 16J. As is 
explained in [16] , the description of Pi,"-* is essentially equivalent to the description 
of a Pieri rule for H* {Gtsp2„{c))- 

1.9.2. The special orthogonal groups. A generalization of our work to the special 
orthogonal groups G = S'0„(C), together with the G = S'L„(C) case in [TJ], would 
complete the analysis of the classical groups. The symmetric function description 
of H^.{Grso„(C)) is likely to be more involved as it is not a polynomial algebra over 
Z. 

1.9.3. Comparison with finite case. We hope to explore the relationship between 
our symmetric functions and the "type -B" Stanley symmetric functions and classi- 
cal type Schubert polynomials of Fomin and Kirillov ^ , and of Billey and Haiman 
[T]. In particular, specializing = in Theorem 15.11 we obtain an expression 
nearly the same as the formula [51 (4.1)]. 

1.9.4. Embedding of groups and branching of Schubert classes. We intend to study 
the behavior of the affine Schubert classes studied here and in 15J induced by the 
inclusions of compact groups: 

SU{n) C SU{n + l) Sp{n) C Sp{n + 1) Sp{n) C SU{2n) SU{n) C Sp{n). 

In particular, the symmetric functions and Q^^^ have positivity properties 
with respect to expansions involving Schur P-functions, Schur Q-functions, and 
ordinary Schur functions. 

1.9.5. Work of Ginzburg and Bezrukavnikov, Finkelberg and Mirkovic. The rings 
H^{Gra) and H*{Gt:c) were also studied by Ginzburg [5] and by Bezrukavnikov, 
Finkelberg and Mirkovic [3] from the point of view of geometric representation 
theory. The connection with our point of view is unclear since the Schubert basis 
is as yet unavailable in their descriptions, although part of the Schubert basis is 
described by Ginzburg. 
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1.10. Organization. In section [2] we give notation for symmetric functions and 
describe the dual Hopf algebras r(„) and F^"^. In section[3]we fix notation concern- 
ing afRne root systems and Weyl groups. In section [3] we explain the connection 
between the Peterson and the Fomin-Stanley subalgebras, and the homology of the 
affine Grassmannian. The material in sections [SHD are valid for the affine Grass- 
mannian of any simply-connected simple complex algebraic group G. 

Apart from Proposition 17.11 the remainder of the paper specializes to the case 
G ~ Sp2n{'C). In section [5] we prove our main results (Theorems II. 2[ 11.31 and 
II. 4p modulo two nilHecke algebra calculations - Theorems 15.11 and 15.51 Section 
|6] is devoted to the study of the Bruhat order of C„ restricted to Z, and to the 
proof of Theorem 15.11 Section [7] presents a general formula (Proposition 17. ip for 
the coproduct in a nilHecke algebra and uses it to prove Theorem 15.51 Some data, 
in particular for the type C affine Stanley symmetric functions Q^!^^ and fc-Schur 
functions P^,"' , is given in Appendices [B] and O 

1.11. Acknowledgements. Many thanks to Jennifer Morse for pointing us in the 

(n) 

right direction for finding the leading monomial in a Grassmannian Q\L'. We 
thank Mike Zabrocki for discussions at an early stage of this work, and Nicolas 
Thiery and Florent Hivert for their support with MuPAD-Combinat [TU]. This 
work was partially supported by the NSF grants DMS-0600677, DMS-0501101, 
DMS-0652641, DMS-0652648, and DMS-0652652. 



2. Symmetric functions 

In this section we study a subring F(„) and subquotient F*^"^ of the ring of 
symmetric functions. Let A be the Hopf algebra of symmetric functions over Z. It 
has a number of bases indexed by partitions A; 

sx Schur [201 1-3] 

hx homogeneous [201 I-l] 

px power sums [20l I.l] 

mx monomial 20, I.l] 

Px[X;t] Hall-Littlewood P [20l III.2] 

Qx[X;t] Hall-Littlewood Q [20l III.2] 

The power sums are a basis over Q [201 1.2.12] and the Hall-Littlewood P- and 
Q-functions are a basis over Q(t) [20l 111.2.7,2.11]. 
Let (•, •) : A (g) A — > Z be the pairing defined by 

(2.1) {hx^nif,) =Sx^. 

It has reproducing kernel [20l 1.4.1,4.2] 



(2.2) ^}_^hx[X]mx[Y] 

A 

= Y,z^'px[X]px[Y], 
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where z\ — Y\i>i i'"'^^-'?TJi(A)! and mi{X) is the number of times the part i occm'S 
in A. Here and elsewhere, unless otherwise specified the sum runs over the set of 
all partitions. 

The Schur P and Q functions are defined by [20l III. 8] 

^^■^^ Qx[X] = Qx[X- -1] = 2^(^)PAm 

where £(A) is the number of nonzero parts of A. We have [2Ql III. 8. 7] 

(2.4) Pa [X] = Qa [^] - if A ^ SV 

where SV is the set of strict partitions A, those with Ai > A2 > • • • ; see (|2.10p and 
(12331). 

2.1. Homology ring. Define the Hopf subalgebra C A by 

(2.5) r, -Z[Pi,P3,P5,...]. 
The Pi for i odd, are algebraically independent, so that 

(2.6) = ZPa.Pa,--- 

xeov 

where OV is the set of partitions with odd parts. The Hopf structure on is given 

by 

(2.7) A(P^) = l®P^+Pr®l + 2 ^ P, ®P^_s, 

0<s<r 

where the Pi for i even, satisfy only the relations [20, III. 8. 2'] 

(2.8) P2^ = 2 (P1P2.-1 - P2P2.-2 + • • • + (-l)'-'P^-iP.+i) + (-1)'"'^^- 
Iterating [20, III. 8. 15] yields the relation 

(2.9) P^^P^^...^ J2 L^.xP^, 

where G Z>o and L^^ = 1. Here > denotes the dominance partial order on 
partitions [20, I.l]. It follows that 



(2.10) = ZPa. 

\esv 

Define the Hopf subalgebra F(„) C F* by 

F(„) -Z[Pi,P2,...,P2„] 

= Z[Pl, P31 ■ ■ • 1 P2ri-l] 
(2-11) /TN 

= Z^a.Pa,--- 
Aeop 

Ai<2n-1 
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2.2. Cohomology ring. Define 

(2.12) r* =Z[Qi,Q2,...] C A. 
By (|2?9l) we have 

(2.13) r* = ZQ> 



xesv 



Define the pairing [•, •] : x T* ^ Z by fSO", III.8.12] 
(2.14) [Pa,Qm]=^Am for X, fie sr. 

The pairing [•, •] has reproducing kernel 

1 + x^Uj 



- n T 



i.j>l 

(2.15) ^^^^ 

A 

xeov 

where Ma = 2'^(^)mA. These equalities hold by definition, [101 in.8.13], setting 
i -1 in [ini ni.4.2], and III.8.12]. 

Let J„ C r* be the ideal given by the annihilator of r(„) C with respect to 
[•,•]. Define 

(2.16) r(") = r*/ j„ 

which is a Hopf quotient algebra of V* . The pairing [•,•] descends to a perfect 
pairing r(„) (g) F^") Z which by (|2.15p has reproducing kernel 

(2.17) n'^^l^ J2 PxAx]Px.Ax]---Mx[Y]. 

Xi<2n 

2.3. Comparing A with and T*. Since A = 0^ Zhx [20l 1.2.8] one may define 
a surjective ring homomorphism : A — > F* defined by 0{hi) = Qi for i G Z>o. 
Over Q it may be defined by 9{p2i) = and 9{p2i-i) = 2p2i-i for i £ Z>o [201 Ex. 
IIL8.10]. 

Let i : F* — !■ A be the inclusion map. 
Lemma 2.1. 

(2.18) W),g)^[f.e{9)] forfeT,,geA. 

Proof. By linearity one may reduce to the case f — px and g — for A, /i G OV. 
By (1121) and (^1^ we have 

[px,9{p^)]^2'(^^Apx,P^.] 

= 2^(^)-^(^)za<5a, 

= 2A^Aa< 

= ('-(pa),Pm)- 

□ 



8 



THOMAS LAM, ANNE SCHILLING, AND MARK SHIMOZONO 



Lemma EH] can be restated as 

(2.19) e^n^fi^i 

where 9^ means the operator 6 appHed to the Y variables. 
Lemma 2.2. For v e SP 

A 

In particular T* C ZA/^- 

Proof. Since both Q and fi-i are invariant under exchanging the X and Y variables, 
by (|2l9l) and jM]) we have 

= e''Y.h^[X]mx[Y] 

A 

= ^QAimQA.m---mA[y] 

A 

= 5]PA,mPA.m---MA[r] 

A 

= E E L,xPAX]Mx[Y] 
A i^esv 



u^sr A 

By (I2.15P and ()2.10|) . taking the coefficient of P^[X], the Lemma follows. □ 

2.4. A monomial-like basis for r^"\ For a partition A, define T\ = 9{m\). We 
shall give a "monomial" basis of F*^"-* using the Tx- Let x(truc) = 1 and x(false) = 0. 

Lemma 2.3. For every partition X, 

Tx e x(A e OP)Mx + 1M^. 

f-i>X 

Proof. Define yx — Y[i>i ^ii^V- where mi{X) is the multiplicity of the part i in A. 
By expanding px it is easy to see that px G yx'Tix + X]^[>a ^^/i^V- follows that 
mx e Vx^Px + E^oA 'QPt^ a,nd 

Txeyx'0{px) + Y,^^iP^^) 
(2 = ^ 07')y,-i2^(^)pA + ^ Qp, 

= x(Ae07')MA + ^Qm^. 

By Lemma [2.21 Tx = d{mx) G F* is a Z-linear combination of the M^. Since by 
definition the Af^ are integer multiples of the m^, (|2.20p expresses Tx as a Q-linear 
combination of the M^. Since the are independent, the coefficients must then 
be integers. □ 



SCHUBERT POLYNOMIALS FOR AFFINE GRASSMANNIAN OF SYMPLECTIC GROUP 9 



Lemma 2.4. For X, ^ e OV, 

(2.21) [P),,Px,--- ,T^]=Q unless X\>n, 

(2.22) [Pa.Pa. •••,rA] = l. 

Proof. Let A = {a\,j) and B = (&ai>) be the change of basis matrices 
/lA = ^ axuPu and = Kphp. 

They are unitriangular and mutually inverse. We have 

Px,Px,--- = 2-'^^^e{hx) 



For any partition /i, by Lemmata 12. II and l2.3l we have 



u£OV 

by ()2.1|) . But this sum is zero unless A > proving ()2.21|1 . When /i = A we have 
[PaiPa. • • • , Ta] = flAA^AA = 1, since AB = I. □ 

Proposition 2.5. FFe have 

r* = zpa, r(") = zpa, Jn - zta. 

xeov xeov xeov 

Xi<2n Ai>2n+1 

Proof. This follows from Lemma 12.41 which says that {T^ | /i e CP} is unitrian- 
gularly related (over Z) to the Z-basis of F* that is -J-dual to the Z-basis of F, 
givenby {Pa^Pa, ••• I A e OP}. □ 

2.5. Another realization of F'"^ Let C A be the ideal generated by mx for 
Ai > k. There is a natural ring isomorphism 

r7(r* n Wi) = (f* + wO/Wi- 

By Proposition [231 we have F* n /2n+i = Jn- Therefore 

(2.23) F(") - (F*+Wi)/Wi. 
It follows from (|2.23p and Lemma that 

(2.24) [Px,Px2 ••■,/] is the coefficient of Mx in / 
for / £ F(") and A satisfying Ai < 2n. 
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3. Affine root systems 

3.1. Weyl group. A Cartan datum is a pair {I, A) where / is a finite set (the set 
of Dynkin nodes) and A = (aij | i, j £ /) is a generalized Cartan matrix, which by 
definition satisfies an — 2 for i I, atj < for i ^ j, and aij < if and only if 
aji < 0. The Cartan datum (J, A) is of finite type if A is nonsingular and of affine 
type if A has corank one. 

Given a Cartan datum (I, A), for i,j £ J with i ^ j, define the integers = 
2, 3, 4, 6, Qo according as aijaji is 0, 1, 2, 3, or > 4. The Weyl group W = W{I, A) 
is the Coxeter group with generators Si for i e / such that — 1 for all i G / and 
braid relations 

(3.1) SiSjSi ■ ■ ■ = SjSiSj ■ ■ ■ for i ^ j. 

rriij times rriij times 

The length function £ : W Z is given by £{w) = Mf a shortest expression 
w = Si-^Si^ ■ ■ ■ of w as a product of the Si, is of length I. We call such an 
expression w — Si-^Si^ ' ' ' & reduced expression. The word 11^2 ■ ■ - ii consisting of 
the indices of a reduced expression is called a reduced word for w. We denote by 
TZ{w) the set of reduced words for w. We write u = u' ii u,u' £ TZ{w) for some 

w ew. 

An element s £ W is a reflection if s = wSiW~^ for some i £ I and w € W. 

The Bruhat order on W^f is defined hy v < w ii some (equivalently every) reduced 
word of w has a subword that is a reduced word for v. Alternatively v <w ii v^^w 
is a reflection and £{w) = £{v) + 1. 

We now fix notation for an affine Cartan datum. Let (/, A) be the finite Cartan 
datum associated with the Lie algebra g of a simple simply-connected complex 
algebraic group G. Let / = {1, 2, . . . , n} where n is the rank of q. Let (/af , ^af ) be 
the affine Cartan datum for the untwisted affine algebra 0af — (C[t, s) © 

CifeCd dH §7.2]. We write /af = {0} U/ where £ /af is the distinguished Kac 
node [TTl §4.8]. Let W = W{I, A) be the finite Weyl group and Waf = W{hu ^af) 
the affine Weyl group. We denote by W^^ C Waf the set of Grassmannian elements, 
which by definition are the minimal length coset representatives of Wsi/W . 

Example 3.1. If g = sp2n('^)' ^^'^ Cartan matrix for gaf is given by an — 2 for 
i e /af, ai^j+i = flj+i^j = -1 for 1 < i < n - 2, a^i = -1, oio = -2, a„_i^„ -2, 
an,n-i = —1, and aij = if |i — j\ > 2. The affine Weyl group Waf — Cn has 
generators {sq, si, . . . , s„} and relations 

(3.2) SiSi+iSi = Si+iSiSi+i 

SqSiSqSi = SiSqSiSq 

For Wat = Cn, we use the notation W°f = Cj'J and W = Gn- 

3.2. AfRne root, coroot, and weight lattices. Let Paf = ® ©^g/ ^ '^■^i be 
the affine weight lattice, where S is the null root and the A^ are the fundamental 
weights. Let P*f = Homz(Paf , Z) be the dual weight lattice and (•, •) : P*f xP^i ^ Z 



if \i^j\ > 1 
if 1 < i < n - 2 
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the natural perfect pairing. Let {d} U {a^ \ i £ /af } be the basis of P*f dual to the 
above basis of Paf ; in particular, 

{ai,Aj) = Sij for j, j G /af 

(a^(5)=0 forie/af 

where 6ij is the Kronecker delta. The are called simple coroots. For j 6 /af 
define the simple root aj G Paf by 

(3.3) Uj = ^ fljj Aj + SjqS. 
Note that 

(3.4) {a( ,aj) = a^- for aU i, j G /af. 

Due to a linear dependence among the columns of the Cartan matrix, we have 

(3.5) 5 = ao + 6 

where 9 is the highest root of g. Let Qaf = ©ie/ j -^af and Q^j = ®je/af ^"^^^ 

be the affine root and coroot lattices. The nuUroot satisfies 

(3.6) {^i,5)^Q foraU^GQaf- 

Similarly a dependence among the rows of the Cartan matrix, yields the canonical 
central element K G Q^f defined by 

(3.7) K^a'a+e'' 

where 9^ is the coroot associated to 9 (defined in the next subsection). K satisfies 

(3.8) (/s:,A)=0 for aU AG Oaf. 

Example 3.2. For g = sp2n(C), flaf has nuUroot (5 = ao + 2(q;i + • • • + a„_i) + a„ 



a. 



V 



The affine Weyl group Waf acts on Paf and P^J by 

(3.9) s,A = A - a,(a,^. A) for A G Paf 

(3.10) Sifi = ^ - (n, ai) for /i G P^ . 
One may show that 

(3.11) {W^1, W\) - A) for W G M^af , A G Paf, G Pa'^f . 

By (1321) and dMl) we have 

(3.12) w5 = 5, wK^K for aU w G M^af ■ 

3.3. Finite root, coroot, and weight lattices. The finite coroot lattice is de- 
fined by = Za^ C Q^f . The finite root and weight lattices Q and P are 
quotients of their affine counterparts Qaf and Paf, but by abuse we will define them 
as sublattices. The finite root lattice is defined by Q = 0jg7 Za^ C Qaf C Paf • 
The finite weight lattice is defined by P = 0^^^ "Lui C Paf where 

(3.13) uj,^ K,- {K,K,)Ko 

for i G /; these are the fundamental weights of g. We have 

(3.14) {a1,Uj)^5ij for i,j el. 
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3.4. Roots. The root system of g may be defined by 
(3.15) R^W ■ {ai\i £ I}. 

Given a £ R with a = uai for some u £ W and i £ I, its associated coroot is 
defined by = ua^ £ . Its associated reflection is Sa — usiU^^ . Both are 
independent of the choice of u and i. There is a decomposition R = i?+ U — i?"*" 
where i?"*" = RC\ 0^^/ Z>oQ;i is the set of positive roots. 

The set of affine roots i?af C Qaf is given by the set of nonzero elements in the 
set R + "LS. We have i?af = -^af ~-^af where is the set of positive affine roots, 
which have the form a + m5 where either m > or both m = and a £ i?"*". 
Equivalently, i?+f = i?af n 0^^/^,. Z>oaj. 

The set of real affine roots is defined by 

For a — uai £ /?af ^r u £ W^f and i £ I^i define the associated coroot by = ua^ 
and associated reflection Sa £ W^f by Sq — usiU'^; as before one may show these 
definitions are independent of u and i. 

Let V <w in Waf . Then s = v~^w is a reflection s — usiU^^ for some i £ I^i and 
u £ Waf . Let u be shortest so that a = uai is a positive real root. For later use we 
denote this root a by and its associated coroot by a]^^. 

Example 3.3. Let Wa_[ = C3, w = S1S2S3S2S1S0J and w = S1S3S2S1S0; this defines 
a cover u < w = vsa- Then = (soSiS2S3)s2(s3S2SiSo) and 

O^vio = S0SlS2S3(a2 ) 

3.5. Level action. There is a surjective group homomorphism Wat — > given 
by Si i~> Si for i £ I and sq where 6 £ i?+ is the highest root. Since W acts on 
P, Waf acts on P via the above homomorphism; this is called the level zero action. 
It is not faithful since sq and se are different elements of W^i- 

4. NILHECKE ALGEBRA AND AFFINE GRASSMANNIAN 

4.1. (Co)homology of afRne Grassmannian. For this section we fix G a simple 
and simply-connected complex algebraic group with Weyl group W, and Cartan 
datum (/, A) as in section 13.11 Let K denote a maximal compact subgroup of G 
and T denote a maximal torus in K. 

Let F = C{{t)) and O — C[[i]]. The affine Grassmannian Gr^ is the ind-scheme 
G{¥)/G{0) (see [13] )• It is a homogeneous space for the affine Kac-Moody group 
G associated to Waf. It is a classical result due to Quillen that the space Grg is 
homotopy-equivalent to the space flK of based loops in K; see for example [711^. 

The group Q possesses a Bruhat decomposition Q = IJiugw t '^'"''^ where B de- 
notes the Iwahori subgroup. The Bruhat decomposition induces a decomposition 
of Grc into Schubert cells = BwG{0) C G(F)/G(0). Thus the equivariant ho- 
mology Ht{Gtg) and cohomology //^(Grc) of Grg are free S = i/^(pt)-modules 
with Schubert bases £ Ht{Gig) and £ H^{Gtg)- Similarly, the homol- 
ogy Ht{Gig) and cohomology H'^{Gyg) of Gtg are free Z-modules with Schubert 
bases £ Ht{Gig) and £ H^{Gtg)- The index x varies over the Grassman- 
nian elements li^af- refer the reader to [HI [13] for the general construction and 
properties of Schubert bases in the Kac-Moody setting. 
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The pomtwise muhiphcation of loops on K induces the structure of dual Hopf 
algebras over Z to iJ*(GrG) and H*{Gxg), and the structure of dual Hopf algebras 
over S to HTiGra) and _ff-^(GrG). This is a special feature of the afRne Grassman- 
nian unavailable in the more general Kac-Moody setting. 

4.2. NilCoxeter algebra. The nilCoxeter algebra Aq is the associative Z-algebra 
with generators Ai for i £ / and relations A^ —0 for j £ / and braid relations 

(4.1) AiAjAi • • • = AjAiAj ■■ ■ for i / j. 

rriij times niij times 



Since these are the same braid relations ()3.ip satisfied hy Si € W , for w £W one 
may define Ayj = Ai^Ai^ ■ ■ ■ Ai^ for any ziZ2 ■ • - ii G TZ{w). 

The algebra Aq is a free Z-module with basis {A^i \ w £ W}. In this basis, the 
multiplication is given by 



Ayu if i{v) + l{u) = l{vu) 
otherwise. 



Example 4.1. For the affine Cartan datum of Example 13. 1[ Aq has generators Ai 
for i £ /af and relations 

AiAj=AjA^ if|i-j|>l 
A,A,+iA, = A,+iAiAi+i if 1 < i < n - 2 

AqAiAoAi = AiAqAiAq 

An-lAnAn-lAn — AnAn-lAnAn-1 

4.3. Kostant and Kumar's NilHecke algebra. Let P be the weight lattice of g 
and S — Sym(P) the symmetric algebra. The Peterson affine nilHecke algebra A is 
by definitiorO the associative Z-algebra generated by S and the nilCoxeter algebra 
Aq for the affine Cartan datum (/af , ^af) with 

(4.2) Ai\ = {si ■ X)A^ + {a^,X)l for i £ /af and A £ P. 

Consequently A is a free left S-module with basis {A^, | w £ M^af }• 
Iterating (|4.2p produces the following relation. 

Lemma 4.2. For x £ M4f ani A £ P, 

(4.3) A,A=(x.A)A, + ^(a^,,A)A„ 

where oii,j, is defined in sectionl3.4\ 



Proposition 4.3. [22 Let M and N he left A-modules. Define M ®s N = {M ®z 
N)/{sm ®n~m®sn\ s £ S;m e M;n e N) . Then M (gis N is a left A-module 
via 

Ai ■ (m^n) = {Ai ■ m) ®n + m® {Ai ■ n) — ai{Ai ■ m) (g) {Ai ■ n) 
s ■ {m ® n) = sm O n. 



^The nilHecke algebra of Kostant and Kumar 1121 for the affine Cartan datum, uses a larger 
weight lattice than Peterson's nilHecke algebra. See [15] for a comparison of the two. 
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Since the proof of this proposition is not readily available in the literature, we 
include a proof. 

Proof. We verify ((42)) . 

Ai- {X- {■m(g) n)) 

— {Ai ■ \m) n + \m ® {At ■ n) — ai{Ai ■ Xm) (g) {Ai ■ n) 

— {siX){Aim ®n) + {ai , X)m ®n + Am ® AiU 

— ai{siX)Aim ()ti AiU — ai{a^ , X)m ® AiU 

— {siX){Aim ®n) + {X — ai{a{ ,X))fn ® AiU 

— {siX)aiAim AiU + {a^ ,X)m ® n 

— {siX) ■ Ai ■ {m®n) + {a^ , X)m ® n. 
We verify = 0. 

Ai ■ {Ai ■ (to n)) = 2Aim ® AiU — {AiaiAim) ® n 

— 2 Aim ® Aiii + aiAfm ®n— (a^, ai)Aim ® Aiii — 0. 

To verify the braid relations, it is convenient to introduce the elements = 1 — 
aiAi G A. It is not difficult to see that given (14. 2p the relation (A^Aj)™'^ — 
{AjAi)"^'^ is equivalent to {rirj)'^^^ = {rjri)"^'^ . An easy calculation shows that 
the ri act on M 05 by ri-{m®n) — rim® Tin. It is clear that this action satisfies 
the braid relations for the r^. □ 

Thus there is a left 5- module homomorphism A : A ^ A (xjg A defined by 

(4.5) A(a) = a-(1®1) for a G A. 
By (|4.4p we have 

(4.6) A{Ai) = A,®\ + 1® A,- A,®a^Ai 

(4.7) A(s) = s®l. 

The map A is injective so there is a linear map A(A) (A ®s ^) {^ ®s ^) 
defined by 

(4.8) /^{a) ® {x®y) ^ a ■ {x®y) 

using the left A-module structure on K®s^ afforded by Proposition l4.3l We deduce 
that this map yields a ring structure on A(A) and an action of A(A) on A ®s A. 

It follows by induction using Proposition l4.3l that this action is computed explic- 
itly as follows. Let a G A and A(a) — ^ A^ ® a^vAv. Then 

(4.9) l^{a) ■ {;x®y) = ^A^x®a^^A^y. 

In particular, if 6 G A and A{b) — J2w v O b^vA-u for 6^,1, e S, then 

(4.10) A(a6) = A(a)A(6) = ^ A^uA^u' (E) OnivA^bm'v'Ay, . 

w,v,w' ,v' 

The ring structure on A (A) does not extend to all of A (8)5 A by the formula 
{a &)(c (X) d) = ac (g) bd, because if it did, then since s(8)l = l(8iswe would have 
fs®g = {f ® g){s ® 1) = {f ® g){l ® s) = f ® gs, which is false in general (say, 
for 5 = 1 and fs 7^ sf). Equation (|4.10p says that when this "obvious" generally 
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ill-defined multiplication formula is applied to expressions coming from the action 
of A (A) on A ®5 A, the result is well-defined. 

4.4. The Peterson subalgebra and equivariant cohomology of afRne Grass- 
mannian. The Peterson subalgebra of A is the centralizer Za(S') of S. It is a Hopf 
algebra over S since the factorwise product on Za{S)(E)s Za{S) gives it an 5-algebra 
structure under which the restriction of A to Za{S), is an S'-algebra homomorphism. 

Theorem 4.4. [22] [151 Theorem 4.4] There is an S-Hopf algebra isomorphism 

J : HTiGia) ^ ^a(5) 
which is characterized by the property that for all x G W^f, 'is the unique 

element of Za{S) n {A^ + I]y6VFat\M/o^ ^ ^v^l- 

For X e VK°f and y G Waf let G be defined by 

(4.11) j(eJ) = E J'^y 

Proposition 4.5. [12] [HI Theorem 6.3] 

(1) For X G and y G Waf, the polynomial is either zero or homogeneous 
of degree i{y) — £{x); in particular it is zero if i{y) < £{x). 

(2) For x,z € we have 

(4.12) eJ^J^E^'C 

y 

where y runs over the y G W^i such that yz G W^^ and £{yz) = £{y) + £{z). 

We wish to compute in the "nonequivariant case" £{x) — £{y), when G Z>o. 
For this purpose we consider the maps that forget the T-equivariance. 

4.5. Afflne Fomin-Stanley subalgebra. Let 0o : S" — > Z be the map that sends 
a polynomial to its evaluation at 0. By abuse of notation define 0o : A ^ Aq by 
4'oiJ2w ^w^w) ~ '^w'i'o{sw)Aw for Sw G S. Peterson's j-map induces an injective 
ring homomorphism jo : H^{GTa) —^ Aq such that the diagram commutes: 

HTiGrc) — ^ A 

(4.13) 

H.iGra) > Ao 

30 

where e : Ht{Gj:c) — > H^,{GrG) is obtained by i-^ £,x and the evaluation 0o. 
By (|4TT|) and (jiTSj) we have 

(4.14) M^^)= E ioTweW^f. 

e(u)=e{w) 

The affine Fomin-Stanley subalgebra is defined in [15] by 

(4.15) B = {a G A I 0o(s)a = (l)o{as) for every s G S}. 
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(2) 

Define 0q : A ®5 A ^ Aq ®z Ao by 

Am (Si Av \ = ^ 0o(atu,i;)^«; ® 

for fliu.t, G S. Tlien B is a Hopf algebra with coproduct given by the restriction of 
o A to B. 

Theorem 4.6 ( 15, Prop. 5.4, Thm. 5.5]). The map jo is a Hopf algebra isomor- 
phism H.^,(GrG) = B. Moreover, for every w G W^f, joi^w) is the unique element 
ofMniA^ + j:uew.,\wo,^Au). 

B has a basis {P.u, | w G W°f} defined by 
(4.16) P^.=Jo{^^u) torweW°,. 

For G = SLn{C) these are the nonconimutative /c-Schur functions of [15 . The 
following Lemma is an aid for computing the elements P^. 

Lemma 4.7. Let a = J2wew i ^^wA^ G Aq with G Z. Then a G B i/ and only if 
E^>v e Zif for all veW^f. 

Proof. The following are equivalent: 

(1) Equation (|4.15p holds for a. 

(2) Ma>^) = for aU A G P. 

(3) E.<.(«L, A)A. = for all A G P. 

(4) E„>. c^(aL, A) = for aU v G W^t and all A G P. 

(5) E„>„ c™<^ G Zif for aU v G t^af ■ 

(1) and (2) are easily seen to be equivalent. The equivalence of (2) and (3) follows 
from equation (|4.2p . (3) and (4) are equivalent because the Ay form a basis of Aq. 
(4) and (5) are equivalent because ZK — {fi £ Q^^ \ P) = 0}. □ 

5. Schubert polynomials for H^,{Grsp2„(c)) and H*{Gi-sp2„(C)) 



In this section we outline the proofs of Theorems 1 1 . 2 [ [T731 and [L4l relegating two 
technical calculations to sections IH and [71 

5.1. Special generators of Fomin-Stanley subalgebra. Recall the special el- 
ements Pi defined in (|l.ip . For 1 < i <2n define 

(5.1) P, = Pp. 

where P^, is defined in (|4.16p . 

We now state the explicit expansion of the elements P, G B that correspond to 
homology generators. Recall the set Z defined in section [T31 Note that pr is the 
unique Grassmannian element in Zr for 1 < r < 2n. 

Theorem 5.1. For 1 <r < 2n, 

(5.2) P,. = 2'=("')-i^^. 

This result is proved in section[6l Some examples for P^ are given in Appendix [Al 

Remark 5.2. It follows from Theorem 11.31 that the elements P^ G B generate the 
affine Fomin-Stanley subalgebra B. 
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5.2. Relations among special generators. Let be the set of partitions A 
with Ai < 2n, which have at most one part of size i for all i < n. We first note 
the following result which is essentially \^ Lemma 24]. The bijection of Lemma [5T51 
was first brought to our attention by Morse [21j who discovered it independently. 

Lemma 5.3. Let w G Cg . Then w has a unique length- additive factorization 

into Grassmannian Z-s such that every left factor px^ ■ ■ ■ p\. is Grassmannian. Fur- 
thermore the map w i— > X{w) is a bijection Cq Pq such that £{w) = |A(it;)|. 

Proof. The result follows nearly immediately from j4j Lemma 24]. In 4j one asso- 
ciates to w G C„ the window 

[-Wn, . . . , -Wl, 0, Wl, . . . , Wn] 

of an affine permutation. This corresponds to the embedding of Cn into the 
affine symmetric group S2n+2- In [4] the parabolic subgroup is generated by 
{so, . . . , s„_i} rather than by {si,...,Sn,} so we must apply the notational in- 
volution Si <-*■ Sn-i to be compatible with [3]. 

In any case, for w G it is shown in W, Lemma 24] that the window of w can be 
successively sorted to become the identity. Each sorting operation corresponds to 
right multiplication by a factor px^ ■ The requirement that every left factor p\i ■ ■ ■ pxi 
is Grassmannian corresponds to asking for the window of w to be completely sorted 
at each step. The rest of the statement now follows from [3]. □ 

Proposition 5.4. The elements Fi G B satisfy 

P2,„ = 2 (PiP2™-l - P2P2m-2 + ' ' ' + (-l)"-2p,„-lP™+l) + (-l)'"-lp^ 

for I < m < n. 

Proof. We use the explicit computation of the Pi given in Theorem 15. II By evalu- 
ating the statement of Proposition 14.51 at 0, we observe that 

(5.3) Pi Pj = S'^'^'^-^P^ 

w—vpj 

where the summation is over all w = vpj such that (a) v G Zi, (b) £{vj) = i + j, 
and (c) w G C^. Now any reduced expression for v G Zi can have at most one 
occurrence of sq, so by Lemma 15.31 we deduce that the set of w such that F^j can 
occur in a product of the form P^ ¥j has the form pa Pb where a + b — i + j. 
Now fix 1 < TO < ri and let us compute 

S - 2 (PiP2„.-l - P2P2m-2 + • • • + (-l)"-'P™-lP,„ + l) + {-ir-^Fl. 

First via a direct calculation we note that PmPm ^ (7° for 1 < to < rt. We claim 
that for 1 < J < TO and w — piP2m-i satisfying w G and £{w) = 2m we have 

if i > j 

1 iii= j 

2 if < i < j 
1 if i = 0. 
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where [Fw]b denotes the coefficient of P^, in 6 G B. The case i > j follows from 
Lemma 15.31 The case i ^ j is immediate since c{pi) — c{p2m-i) = 1- For the case 
i < j we must consider v — PiP2m~iP2m-j- observe that 

Supp(i;) = [0, i - 1] U Supp(p2m-i P2rn-j) 

and i is smaller than all elements of Supp(/92m-jP2rn-j) inequality 
2m — j > i). Thus v, being a product two "non-touching" Z-s, is itself a Z and we 
have c{v) — 2. The final case i = is trivial. 

Now it follows that the S = F2m, as required. □ 



5.3. Coproduct formula for special generators. The following result is proved 
in section [T] 

Theorem 5.5. For 1 < r < 2n 

4^^(A(P,.)) = l(g)P, +P,. ® 1 + 2 Fs^Fr-s- 

0<s<r 

Remark 5.6. An alternative formulation of Theorem l5.5l is that the coefficient of 
^Pr in ^Ps ^p,-s £ H*{Gtsp^^(c)) is equal to 2, for 1 < s < r - 1. 

5.4. Afflne type C Cauchy kernel. Define <i> : r(„) i/*(Gr5p2„(c)) by Pi 
^p. for 1 < i < 2n as in Theorem 11.31 By Proposition 15.41 and Theorem 14.61 this 
map IS well-defined. Define Vl\ g B(K)r(") by taking the image of under the 
composition ^ b = ja ° ^ '■ ^{n) ~^ ®- 

Ai<2n 
a 

ai<2n 

where a runs over compositions whose parts have size at most 2?!. The second 
equality holds since B is a commutative ring. For w G C„, the type C affine 
Stanley function Q^''' is defined by 

(5.5) A^^Q'u^^Y]. 

A straightforward computation shows that this definition agrees with (|1.2p . Note 
that (|1.2p defines an element of the ring F^") via (|2.23p . By Theorem 14.61 we have 

(5.6) Y 

where P^, is defined by (|4.16p . 



5.5. Proof of Theorem 11.41 Theorem 11.41 follows immediately from applying the 
non-equivariant part of Proposition 14.51 to Theorem 15.11 
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5.6. Proof of Theorem 11.31 It follows from Proposition 15. 4( Theorem 15.51 and 
Theorem 14.61 that <& : r(„) H^.{Grsp2„{c)) is a bialgebra morphism. Since both 
r(„) and H^,{Gtsp2„{C)) are graded commutative and cocommutative Hopf algebras, 
$ must in addition be a Hopf morphism. Recall that we define \1/ : H* (Gi sp2^(C)) ~^ 
r(") by the hnear map C" ^ Qw^ for w e C°. 

We first show that * : H*{Grsp2,AC)) ^ ^t") and ^ : r(„) ^ H^{Gtsp2,,(c)) are 
dual with respect to the pairing (., .) : iJ*(Gr5p2„(C)) ^ ^* {^^Sp2^iC}) ^ induced 
by the cap product and the pairing [., .] : Fj-n-) x F^") ^ Z of section [2^ It suffices 
to show that for each w £ CjJ we have (<!'(/), = [/, ^'(C™)] as / varies over the 
spanning set {Pai • • ■ ^'a; I ^ 2n} of ^(n)- Identifying B with iJ, (Grsp^^jc)) via 
the map jo of Theorem 14.61 we calculate 

^[p,,---p,„{n'„n] 
= {[p,,---p,„n^_,],n 

= (<i>„(PA,---PAj,r)- 

The second equality holds by I^M- The fourth holds by (j?^ and The 
other equalities hold by definition. 

Since $ is a Hopf-morphism, we deduce that ^E* is also a Hopf-morphism. It only 
remains to prove that 4* is a bijection. For surjectivity, since the Qr generate F'"^ 
as an algebra, it suffices to show that Q^"-* = Qr in r(„), where S C*^ is the 
length r element of the form 

Cr = ■ ■ ■ Si So Si ■■ ■ Sn-1 Sn S„_i • • • S2 Si So- 
ft is easy to see that Cr has a unique reduced word. So a length-additive factorization 
of Cr into a product c,. = • with each e Z, is equivalent to a composition 
(ai, a2, ■ ■ ■ , cts) of r into parts of size less than 2n, where each is either the 
identity or has one component. After multiplying by 2* where t — ^{i \ ai > 0}, 
we see that Qc""* is the generating function of shifted tableaux T whose shape is a 
single row of length r where no letter can be used more than 2n times. The tableau 
T is obtained from the composition a by setting ai letters equal to i. The factor 2* 
comes from the two possible choices of marking for the leftmost occurrence of each 
letter. This matches Q^"-* to the combinatorial definition of Qr using tableaux [20l 
IIL8.16]. 

For injectivity, it suffices to show that {Q^T^ | w 6 C^} is linearly independent. 
We shall establish the triangularity property 

p<X{w) 

where w i— >■ X{w) is the bijection between C° and of Lemma [5.31 and < is the 
lexicographic order on partitions. Furthermore a^^w is unitriangular. 

We first observe that if u; G C" and w = v'^ ■ ■ ■ is a factorization into 
Z's then must be Grassmannian, so it is one of the pr-'s for r g [l,2n]. But 
if w = P\i ■ ■ ■ PX2PX1 where ■ ■ ■ p\2 is Grassmannian then w {pr)~^ cannot be 
length subtractive for 2n > r > Ai. This is because every reduced expression for 
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PA; • • • p\2 ends in sq- Repeating this, we see that the matrix of coefficients a^,^, 
is triangular with respect to the lexicographic order. We are using the fact that if 
0'^i,w 7^ then the factorization w = ■ ■ ■ can be chosen so that = /i;. 

Finally, the factorization w = ■ ■ ■ PA2PA1 of Lemma l5.3l shows that a;^(^,) ^ = 1 
since c{pi) = 1. 

5.7. Proof of Theorem ll.2i The fact that Q^^"* is symmetric and defines an 
element of F^") follows from the definition (15. 5p via the affine type C Cauchy kernel. 
The statement that {Q^T'' | w G C^} forms a basis follows from Theorem 11.31 and 
the fact that | w S (7°} is a basis for H* [Gr sp^^((^)) ■ The positivity of the 
product structure constants is a general theorem due to Graham [5] and Kumar 

The coproduct structure constants of {Q^^ \ w £ C^} are the same as those 
of l^'" I w e (7°}. By the duality of i?* (Grsp,„ (c) ) and H* {Gi sp2r.{C)) and their 
Schubert bases, the above constants are the same as the product structure constants 
for the homology classes {S^w \ w S C^}- Using the nonequivariant case l{y) = t{x) 
of (|4.12p . these constants are given by the coefficients of (|4.1ip . But these are 
known to be nonnegative from the work of Peterson |22j and Lam and Shimozono 
[17j : they are equal to certain three-point genus zero Gromov-Witten invariants of 
the (finite) fiag variety. 

For the final positivity statement we claim that 

(5.7) the coefficient of Q^,"^ where v £ C" in Q^^") is equal to jjf 

that is, the coefficient of A^^ in P^. But this follows from expanding (|5.6p using the 
definition of . 

6. The combinatorics of Zee-s 

It is obvious that Zr contains a unique Grassmannian element, namely, p,-, and 
that c{pr) = 1. To prove Theorem 15. li by Theorem 14.61 it remains to show that 
the right hand side of (|5.2p is an element of B. By Lemma 14771 and Example 13.21 it 
suffices to prove the following result, whose proof occupies the rest of this section. 

Proposition 6.1. For any v £ Z with £{v) < 2n, let Cy = {w € Z \ w > v} . Then 
(6.1) 2'^"'-'"^"L = 2''^''^K. 

Example 6.2. Let n = 3 and v — S0S2S3S2 G Z. Every w e Cy is obtained by 
putting a 1 into some reduced word for v. For each w G Cy, a reduced word and 
the coroot a^^ is given below. They may be computed as in Example 13.31 



red. word 




10232 
01232 
23210 
23201 


2a^^ +a'( + 2a\ + 2a^ 
ol\ + 2a^ + 2al 
2a^( + ol\ 
< 



The sum of these coroots is 4i4r, which agrees with the fact that Supp(u) has two 
components, {0} and {2,3}. 
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Let w E Z. Since SiSj ~ SjSi for i and j in different components of Supp(i(;), 
there exists a factorization w = wj-^ ■ ■ ■ wi^ wliere Ii, I2, ■ ■ ■ , Ic are the components 
of Supp(w) and Supp(w/p) = Ip. Let us index the components so their elements 
are ordered consistently with the total order on /af. Then the above factorization 
is unique. For a component C — Ip of Supp(w) define wc = wi^ , which is called 
the C-component of w. 

Example 6.3. Let n — 9 and u = 4689852102; we have u S TZ{w) for some 
w e Z. We have h — {0,1,2}, I2 — {4,5,6}, and I3 = {8,9}, and wj^ = S2S1S0S2, 
— S4S6S5, and w/g — ssSqSs- 

6.1. Bruhat covers in Z. To prove Proposition l6.1l we study in detail the Bruhat 
order of Cn when restricted to the subset Z. The results in these subsections may 
be of independent combinatorial interest. 

We construct the set of covers in Z, of a fixed element v E Z. For k',k E lai 
with k' < k let 

Nk,k' = fc(fc + 1) • • ■ (n - l)n{n - 1) • ■ • 101 • • • (fc' - l)k' 

Nfe/^fc = k'{k' - 1) ■ • • 101 • ■ • (n - l)n(n - 1) ■ ■ ■ {k + l)k. 

For w € Z, we define 

7^^(u;) = {u e 7^(w) I u C Nk,k-i for some 1 < fc < n} 

7^N (^) = {u e 7^(w) I u C Nfe_i,fc for some 1 < fc < n} 

where u <Z u' denotes a specific embedding of a word u as a subword of a word u' . 
Then by definition w E Z \i and only if TZ^ (w) U TZ^ (w) 7^ 0. 

Therefore w G if and only if either (1) there is a word u £ TZ^ (v) with an 
embedding of the form u C Nk^k-i and a letter j C N^^k-i that is missing from 
w, such that the word u obtained by inserting j into m, is a reduced word of w, or 
(2) there is a u e 7^^ [v) with an embedding of the form u C ^ k-i.k and a letter 
J e Nfc_i.fe missing from u, such that inserting j into u yields u e TZ{w). 

Lemma 6.4. Let v E Z and u e TZ^ (v) with u C Nk.k-i (resp. u G TZ^ [v) with 
u C Nfc_i.feJ. Let i C Nk.k-i (resp. j C Nfc-i.fcJ 6e a letter that is not in u. Then 
adding this copy of j to u, produces a word in TZ^ (w) for some w E C^, if and only 
if (1) j ^ Supp(u) or (2) j + 1 e Supp(u) for j > k or j — 1 E Supp(ii) for j < fc — 1 . 

Proof. This follows directly from the Coxeter relations for Cn- □ 
We define the reduced words 

V'''''' = fc(fc - 1) • • ■ 101 • • • (fc' - l)fc' for k,k' <n 

^k,k' = k{k + l)---{n~ l)n{n - 1) • • • (fc' + l)fc' for fc, fc' > 

/t^, = fc'(fc' + 1) ■ • • (fc - l)fc for fc' < fc 

III, = fc(fc - 1) • • • (fc' + l)fc' for fc' < fc 

A word is an N if it is a subword of Nk^k-i for some 1 < fc < n and a reverse N 
(abbreviated by the symbol N) if it is a subword of Nk-i,k for some 1 < fc < n. 
The name N is suggested by the definition: the values in such a word go up, then 
down, and then up, like the letter N. A word w is a Z if it is an N or a N. For 
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w G Cn let TZ^ {w) be the set of reduced words for w that are Zs. Then by definition, 
w G Cn is a. Z if and only if TZ^ (w) ^ 0. Let TZ^ (w) (resp. TZ^ (w)) be the subset 
of reduced words of w that are Ns or (resp. Ns). 

A saturated N (resp. N) is a word of the form Nk,k' (resp. N k',k)- An N or N is 
proper if it contains both the letters and n. We emphasize the important fact that 
if M is a proper N, then first(u) > last(u), where first(u) and last(u) are the first and 
last letters of u respectively. Similarly if u is a proper N then first(ii) < last(M). 

Let u = iii2 ■ ■ ■ iM be a word with letters in /af . We say that u has a peak at 
p if I < p < M and ip~i < ip > ip+i or if p = 1 and ii > i2 oi ii p — M and 
Pm-1 < Pa/ or if Af = 1. We say that u has a valley at p if 1 < p < M and 
ip-i > ip < ip+i or if p = 1 and ii < or ii p — M and pm-\ > Pm or if M = 1. 

We say that a word is a F (resp. A) if it is either empty or has exactly one 
valley (resp. peak). Note that only the empty word has no valleys (resp. peaks). 
Note that Vs and As are both Ns and Ns. Write TiX {w) and TZ^{w) for the sets 
of reduced words of w that are respectively Vs and As. A saturated V (resp. A) is 
one of the form V'^''' (resp. Ak.k')- 

Example 6.5. Let ?i = 4. Then 234101 is a proper N, 20143 is a proper N, 312 
is a V, and 24321 is a A. 

6.2. Equivalences for reduced words and rotation. The following Lemma is 
essentially a special case of Edelman- Greene insertion It says that a A with no 
{n — l)n{n — 1) is equivalent to a V. Similarly a V with no 101 is equivalent to a A. 

Lemma 6.6. Suppose iii2 ■ ■ ■ ipjij2 ' ' ' jq G TZ{w) for some w £ Z such that ii < 
12 < ■ ■ ■ < ip < jl > j2 > ■ ■ ■ > jq Ojud (n — \)n(n — 1) is not a subword. Then 
there is a kik2 ■ ■ ■ kqlil2 ■ ■ ■ Ip €z TZ{w) such that ii occurs in kik2 ■ ■ ■ kq, fci > /c2 > 
■ ■ ■ > kq < li < I2 < ■ ■ ■ < Ip and kg < js for 1 < s < q and is < h for 1 < s < p. 



ii 


12 






jl 




j2 
Jq 



fcl 
fc2 




kq 


h 


I2 




Ip 



Proof. The result is trivial ii p — Q ov q — Q. Suppose p — 1. If both ii + 1 and 
ii occur in jij2 ■ • ■ jg then ii > and iiji ■ ■ ■ jq = ji- ■ ■ jq{ii + 1) using the braid 
relations. We take ks = js for 1 < s < q and h — ii-\- 1, which satisfies h > ii > jq. 
Otherwise let r be maximal such that ii < jr. It cannot be the case that jr+i = *i 
for then iiji ■ ■ ■ jq is not reduced. We have iiji • • • j, = (ji • • ■ jr-iiijr+i ■ ■ ■ jq)jr 
and the latter word has the desired form. Note that in the case p = 1, ii occurs 
in fcl • • • fcg. Finally suppose p > 1. By induction 12 - ■ ■ ipji ■ ■ ■ jq ^ k[ ■ ■ ■ fc^^2 ■ ■ ■ Ip 
with k[ > ■ ■ ■ > kq < I2 < ■ ■ ■ < Ip with js < k'^ ior 1 < s < q and is > Is for 
2 < s < p. Since ii < i2 and i2 occurs in k[ ■ ■ ■ kq, we may apply the p = 1 case and 
obtain iik[ ■ • • fc^ = fci ■ • ■ fc^^i with fci > • • ■ > fcg < Zi and kg < fc^ for 1 < s < q. 
Since 12 was in k'l ■ ■ ■ k^ and ii < «2, it follows by considering the p = I case that 
h ^ ^2 < h- It follows that fci • ■ • fc^Zi • • • is the desired reduced word. □ 

Lemma 6.7. Suppose u and u' are two Vs (resp. Ks) such that all letters of u are 
greater than those in u' . Then uu' and u'u are both equivalent to a V (resp. K). 
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Proof. Let u and u' be Vs with u — uimu2 where m is the valley of u. Then 
uimu'u2 and uiu'mu2 are Vs that are equivalent to uu' and u'u respectively. The 
proof for As is similar. □ 

Given a word u, let u"*" (resp. u~) be the word obtained by adding (resp. sub- 
tracting) one from each letter in u. 

Lemma 6.8. Let w E Z and J — Supp(?«). 

(1) Suppose n ^ J. Then TZ^{w) ^ 0. Moreover if J is an interval then 
TZ^ (w) is a singleton. 

(2) Suppose ^ J. Then TZ^{w) ^ 0. Moreover if J is an interval then TZ^{w) 
is a singleton. 

(3) Suppose J is an interval [m, AT] with < m < M < n. Let uiMu2 £ TZ^{w) 
and u'2mu'i G TZ^ (w). Then u'2 = and u'l ~ . 

Proof. We shall prove (1) as (2) is similar. Let u G TZ^{w). Suppose that n ^ J 
and that u is an N; the case of a N is similar. Say u is embedded in Nk^k-i- 
Then u = U1U2 where mi is a A such that Supp(wi) C [fc, n — 1] and U2 is a V with 
Supp(w2) C[0,k~ 1]. Then VX (w) ^ hy Lemmata EH and [6Jl 

Let u G TZ^ (w) with J an interval. We prove its uniqueness by induction on 
£{w). For £{w) < 3 this is evident from (|3.2p . Let M = max(J) < n. Suppose 
first that u contains a single M. Then u has the form u = Mu or u = uM . We 
assume the former as the latter has an analogous proof. We have u G TZX {smw) 
and smw G Z. By induction u is unique. Now let u' G TZX [w). Since TZ{w) is 
connected by the braid relations ()3.2p . every reduced word for w (and in particular 
u') has a single M which precedes every M — 1. Since u' is a V it must start with 
M. Therefore u' = Mu = u by the uniqueness of u. 

Otherwise u must have the form u = MuM. Let u' G TZ^{w). Clearly u' must 
contain an M which must be at the beginning or end. We suppose u' has the form 
u' = Mu" as the case u' = u" M is similar. By induction TZX [smw) is a singleton. 
Therefore u" = uM and u' = u as desired. 

(3) is proved by induction on the length of uiMu2. If either ui or U2 is empty 
then the result certainly holds. Write ui — u^x and U2 ~ yu^ where x and y 
are letters. Since Supp(uiAfM2) = [m,M], x — M — 1 01 y — M — 1. Suppose 
X = y = M — 1. By induction we have uiMu2 = U3{M — 1)M{M — l)u4 = 
U3M{M ~ l)Mu4 = MusiM - l)u4M = Mu^mu^M = u^muf. Suppose next 
that X = M — 1 > y. Then again by induction we have uiMu2 — u^^M — l)AIu2 = 
U3{M — l)u2M = u^mw^^M — u^mu^. The case y = M — l>x is similar. □ 

Example 6.9. For n > 7 the N 676545 is equivalent to a V: 676545 = 767545 = 
765457. 

Suppose u C Nk^k-i is a subword and i C Nk^k-i is a subletter (resp. u C 
Nk~i.k is a subword and £ C N k-i,k is a subletter) with £ missing from u. We 
give an explicit way to obtain another embedded word u' G TZ^ {v) such that £ is 
at the beginning or end of the ambient iV or N . We call this process rotation. The 
only cases not treated in Lemma l6.10l are £ = or £ = in which case we may use 
Lemma 16.81 to obtain an equivalent reduced word that is a A or V respectively, and 
these can be embedded into an N or N with the missing letter at the beginning or 
end. 



24 



THOMAS LAM, ANNE SCHILLING, AND MARK SHIMOZONO 



Lemma 6.10. Suppose w G Z andu G TZ {w) (resp. u G TZ (w)) withu C N^^k-i 
(resp. u C Nfc-i.fcj. 

(1) // there is an i such that k < £ < n and £ does not appear in the part of 
u that is embedded in I^^C Nk.k-i (resp. /iJJC ^k-i.k), then there is a 

u' G TZ^ (w) (resp. u' G TZ^ {w)) such thatu' C Ni+i^^ (resp. u' C N^^^+iJ. 

(2) // there is an I such that < ^ < A; — 1 and £ does not appear in the part 
of u that is embedded in I'\q^^C Nk.k~i (resp. /|q~"'^C Nk-i,k), then 
there is a u' G TZ^ (w) (resp. u' G TZ^ (w)) such that u' C Ng^i^i (resp. 
u' C Nf-i,^;. 

(3) // there is an £ such that < £ < n and £ does not appear in the part of 

u that is embedded in I[q<Z Nk,k-i (resp. IIqCL ^k~i,k) then there is a 

u' G JZ^{w) (resp. v! G TZ^ {w)) such thatu' C ^Ne-i/ (resp. u' C Ne^e-i). 
Moreover fc — 1 or k is missing in the increasing (resp. decreasing) part of 
•u! , according as £ < k or £ > k. 

Proof. We prove (1) for u G TZ^{w); the other cases of (1) and (2) are similar. Let 
u = U1U2U3U4 where ui C /tfc"\ U2 C U3 C III, and -U4 C y^^^'''^^. We 

have u = W2U1M3M4. U1U3 is reduced since it is a factor of a reduced word. Since 
U1U3 is a A with no n, by Lemma 16.81 it is equivalent to a V: W1U3 = u'^u'^ where 



Mgit']^ is a V with valley last(w3) such that Ug C /j^ and u[ = uf C I^i+i- Then 
u = U2U1U3U4 = U2u'^u'iUi = U2u''^u^u'i C Ne^ij. 

We prove (3) for u G TZ^ (w) and £ < k; the cases that £ > k and u G TZ^ {w), 
are similar. Let u = U1M2U3U4 where ui C Ak,k, U2 C I Ig^l, M3 C V^~^'^~^, 
and U4 C /t^^^. We have u = M1U3U2W4. is a reduced word supported on 

U4M2 where 
Then 
□ 



[£,k — 1] that is a V. By Lemma [6.81 there is an equivalent A: U2U4 ^ 

(U2) such that 
u = U1U3U2U4 = W1W3U4W2 = U3M4U1W2 C Nf-i 



M4M2 is a A with peak first(u2) such that U4 C /t^ ^ and u'2 C 1 1'^ ^. 



Example 6.11. Let n = 6. We start with a reduced word for an element oiw € Z 
and apply rotations, choosing £ to be the first break from the left, indicated by the 
symbol •, in the given reduced word. 









6 


5 4 • 


6 


5 4 • • 1 




5 
1 




4 
1 




4 

2 
• 




6 5 4 • 2 • 





2 • 











1 


6 


5 


4 











4 
• 

2 







1 


6 


5 


4 




2 







• 

4 
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Rotating the last word yields the first one. There are two other words in TZ^{w), 
which are obtained from the first and third words above, by commutations. 





5 
4 

1 


6 


5 






2 








6 


5 


4 




2 


1 


4 






6.3. Normal words. The set Z has a partition into three subsets: the elements 
w with TZ^ {w) — 0, those with TZ^ {w) — 0, and those with both TZ^ {w) ^ and 
TZ^ {w) ^ 0. We give a criterion for membership in these subsets. 

Lemma 6.12. Let w ^ Z. 

(1) TZ^ {w) = (resp. TZ^ (w) — 0) if and only if some word in TZ^ {w) (resp. 
TZ^ (w)) contains /jp (resp. I'Iq) as a factor, if and only if every word in 

TZ^ {w) (resp. TZ^ (w)) does. 

(2) There is a u d TZ^ {w) that does not contain /|g as a factor, if and only if 

there is a u' E TZ^ (w) that does not contain II q as a factor. 



Proof. (2) follows from Lemma FG.lOr S). 

For (1) we observe that the property of having /|q as a subword, is invariant 
under the braid relations, which connect TZ(w). 

Suppose TZ^{w) contains a word with factor /|g . In particular it contains /|o as 
a subword. Therefore the same is true for all of TZ{w). Now every N that contains 
/J,g as a subword must contain it as a factor. This proves the second equivalence 
in (1). Moreover no N contains /|g as a subword, so TZ^ {w) = 0. Conversely, 

suppose n^(w) = 0. Then ^ TZ^ (w) = TZ^{w). Let u € 7^^(^y). Then u must 
contain /|g as a factor, for otherwise (2) yields a contradiction. □ 

Let w E Z satisfy Supp(i(;) — /af- A normal word for w G 2 is an element 
u e TZ^{w) such that: 

(1) If 7^^(w) =^ then u has the form u = /f ^ • ■ ' ■ 

(2) If 7^^(^y) 0, then u G 7^^(u^) has the form u = /ig • • • . 

Lemma 6.13. Let v E Z be such that Supp(u) = /af . Then v has a unique normal 
word, denoted Wnor- 

Proof. Existence holds by Lemma 16.101 Suppose that 7Z^{v) ^ 0. The case 
TZ^ {v) = is analogous. Let u = /t^ ui and u' = /f^, u[ be normal words for v. 

Suppose first that k' < k. We cannot have k — n, because the form of u 
implies that s„w < v while that of u' implies s„f > v. So k < n. We have 
v' = SkV < V. By the Exchange Property there is a letter in u' whose removal gives 
a reduced word u" for v'. Since A:/Tfc' is a reduced word, the removed letter does 
not occur in IVk'- particular k e Supp(w'). But Supp(/t^_,_j) D (/af \ {k}) so 
Supp(v') = Supp(ti) = /af. By induction on length, u" = /Tfc+i ui, which is a 
contradiction. Similarly k < k' leads to a contradiction. Therefore k = k' . But 
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then Ml and u[ are reduced words and Vs for the same element of Z, so by Lemma 
I6.8( ui — u[ and therefore u — u' . □ 

6.4. Special words. In this section we assume that t; G Z is such that Supp(t;) = 
/af. By Lemma [6.131 v has a unique normal word Wnor- We say that an embedded 
subword u C Nk.k-i (resp. u C N k-i,k) is normally embedded if u ~ Wnor for some 
V e Z with Supp(w) = /af and m ■■■ C Nk,k~i (resp. u = /ji"^ /to • • • C 

Suppose u C u' and u 7^ u'. Define firstgap(it C u') (resp. lastgap(M C it')) to 
be the first (resp. last) letter j C u' that is not in u. 

We say that u e TZ^ (v) is special if it has a special embedding, that is, an 
embedding of the form u C u' where u' = Na^a-i or u' ~ ^ a-i,a for some 1 < a < n 
such that, if j — firstgap(u C u'), then adding j to u produces the normally 
embedded word Wnoi C u' for some w G C^,. More specifically, one of the following 
holds: 

(1) u G TZ^ (v) and u C Na,a-i for some 1 < a < n such that u contains all 
but exactly one of the letters in /TqC A^a.a-i, or 

(2) u G TZ^ (v) with M C Na_i.a for some 1 < a < n and u contains all but 
exactly one of the letters in /j^f^^ IVqC N 

a— l,a ■ 

Lemma 6.14. Let v € Z with Supp(i;) = /af and £{v) < 2n. Then v has a 
unique specially embedded word, denoted Vsp C u" , which is obtained by rotating the 
normal embedding v^oi CI u' at p = lastgap(wnor C u'). This given, we define the 
special cover v* G Cy of v, to be the unique cover w ^ Cy such that the normally 
embedded word Wnor is obtained from the specially embedded word Vsp C u" by 
inserting firstgap(?;sp C u"). Moreover, if i = firstgap(wnor C u') and £(v) < 2n — 1 
then £ = firstgap('i;*Qj. C u"), except when u' ~ N^.k-i o^nd lastgap(t;nor C u') < 
£ < k — 1, in which case firstgap('i;*Qj. C u") = £ — 1. 

Proof Suppose Wnor C Nk,k-i- Let £ = firstgap(t;„or C Nk,k-i)- 

Suppose p C /Ti^^C Nk^k-i is missing from Unor- Let Wnor = C 
iVfe,fc-i where m C Ak,k, "2 C U^p+l, U3 C yp-i-f^i, and U4 C /tp+f. Then using 
Lemma lHTST S) we have Wnor = U1U2PU4U3 = uiu^ {k — l)u2U3 = u'^ui{k — l)u2U3 —: 
u C Np^p-i. Now U4 C /Tp~^- In this case, u is special if and only if U4 = /Tp+i, 
that is, p — lastgap(t;nor C Nk,k-i)- Suppose so. Then firstgap(t;*Qj. C Np^p^i) is £ 
unless £ C lipoid Nk,k-i, in which case the answer is ^ — 1. 

Suppose p C Ili^^C Nk^k-i is missing from Vnor- Let Wnor — U1U2U3PU4 where 
ui C Ak,k, U2 C /jp+i, U3 C yP^'^-P-^, and U4 C Ilp+l- Then Vnor = U3U1U2PU4 = 
(fc — 1)^2^ = U3U^ui{k — l)u2 ~: u C. Np_i_p. In this case u is special if 
and only if U3 = VP^^'P^^ and U4 = ^Tp+i) that is, p = lastgap(wnor C Nk^k-i)- 

Suppose so. Then firstgap(i;*oj. C Np_i^p) is £ unless £ C Ili~^C Nk,k-i and £ > p 
{£ = p cannot happen if £{v) < 2n — 1), in which case the answer is £ — \. 

Suppose p C /iJJ^^C Nk,k-i is missing from v^or- Let v^or — -^Tfe^ PU1U2U3 C 
Nk,k-i where ui C Ap+i^p+i, U2 C I , and U3 C We have Unor = 

/f^" PU2U3U1 = U2~^/Tfc+i = u\ku3l'\P^^^ u\ u C Np_p+i. In this case u 
is special if and only if U2 = -^ifl^^ and U3 = that is, p — lastgap(wnor C 

Nk,k-i)- Suppose so. Then £ C Ilp+lc Nk,k-i, and £ = firstgap^^j. C Np,p+i). 
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Suppose Vnor C Nfe_i^fe. Lct e = firstgap(wnor C Nfe_i^fc). Let p C N k-i,k 
be missing for Unor- Then from the definitions we have p C I ir'^C Nfc_i,fe. 
Write Wnor = I li^^ /To ^*i"2 where ui C I Ip^l and C I ■ Therefore 
VnoY = U2lli^^ /to ui =: u C Np_p+i. u is special if and only if U2 — H^^^ ■. that 
is, p = lastgap(wnor C Nk-i,k)- Suppose so. Then £ — firstgap(w*Qj. C Np_p+i). 

Thus rotation at lastgap('(;nor C u') creates a particular specially embedded 
word which we shall denote by Vgp C u" . It remains to show that Vgp is unique. 
Suppose u € Tl{v) is such that u C m' is a special embedding. Rotating u C u' at 
firstgap(it C u'), we obtain the normal embedding of Unor, which is unique. The 
explicit computation of this rotation shows that it is the inverse of the rotation at 
the last gap of the normal embedding of Vnor (which was given above explicitly in 
all cases). It follows that there is a unique specially embedded word for v. □ 



For later use we summarize the construction of Lemma 16.141 in the following 
table, where p is the last gap. We have indicated the form of v^p, and used the 
symbol * to indicate where a letter (either fc or A: — 1) can be added to obtain w*^,.. 



PC 


Vsp 


ui C 


U2 C 


U3 C 


Ifi-'C Nk,k-i 






-'-ip+l 


yp-l.p-l 


IlT^d Nk,k-i 






r,k-l 
-'-ip + l 




/ir^c Nk,k-i 


/i?/Tr -1 


Ap+i,p+i 










Tj n-l 







Example 6.15. Take n ^ 7 and u„or = 56754310124 C A^5,4. In this case p = 3, 
Vsp = 35675431012, and i;*^, = 345675431012. 



6.5. Kinds of covers. Let u e Z be fixed. The set /af is divided into four kinds 
of letters. Let j be w-internal if j e Supp('i;). If j ^ Supp(ti), let j be w-isolated, 
w-adjoining, and w-merging if the number of components of Supp(u) adjacent to j 
is 0, 1, or 2, that is, \{j - 1, j + 1} n Supp(?;)| is 0, 1, or 2. 

Let UI G Ct, with a reduced word u G TZ^ (w) and a letter j <Z u whose omission 
leaves a reduced word u G TZ^{v). Then we call the cover w internal, isolated, 
adjoining, or merging, according as j is (with respect to v). Such w have c{w) 
equal to c{v), c{v) + 1, c{v), and c{v) — 1 respectively. 

In the case of an internal cover the omitted letter j may vary if the reduced 
word u is changed; however the component C of j G Supp('i;) depends only on w. 
Moreover wc > vc and wc" ~ vc for components C of Supp(?;) with C" ^ C. 

If j ^ Supp(u) then the omitted letter j is uniquely determined by w. 

Lemma 6.16. Let v ^ Z with £{v) < 2n. 

(1) For each v-isolated letter j G /af there is a unique cover w in that omits 
j, namely, SjV. 

(2) For each v-adjoining letter j G /af there are exactly two covers w G Cv that 
omit j , namely, sjv andvsj. 

(3) For each v-merging letter j G /af there are exactly four covers w ^ Cy 
that omit j. Let u G 7?.(u) and and u_ the subwords of u given by the 
restriction to the letters greater and less than j respectively and let w+ and 
f_ be the corresponding elements of Z. Then the four covers of v that omit 
j are sjv+v^, v^sjv^, v^v^Sj, and v^sjv^. 
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Proof. We prove (3) as the other cases are easier. We observe that 1;+ and are 
defined independent of the reduced word u. The four given elements of C„ are aU 
covers of w that omit j, and are distinct since j — 1 S Supp(w_) and j + 1 S Supp(i;+). 
We now reahze each of them by reduced words that are Zs. By Lemma 16.81 let 
u+ e TZ^{v+) and u_ E TZ^{v^). Then ju+u-, u+ju^, and u+u^j are all Ns, 
and U-ju+ is a N, and they are reduced words for the above elements of Cn- It 
remains to show that ii w € Cv omits j then w is one of the four given covers. 
Let u £ TZ^{w) and j & u such that the omission of j from u leaves u G TZ^{v). 
Suppose u C Nk,k-i- Suppose j > k. Let u = U1U2U3 where U2 C Aj+ij+i, so that 
u = uiju2U3 or uiU2ju3. Here Supp(ui) C [0,j — 1] and Supp(M3) C [0, j — 1] while 
Supp(m2) C [j + l,n]. If u = uiju2U3 then u = uiju3U2- But not both ui and M3 
can contain j — 1, for if they did then ui ends with j — 1 and U3 starts with j — 1 
and u = U1U3U2 is not reduced. If ui does not contain j ~ 1 then u = and 
w — SjV^vjf-. If U2 does not contain j — 1 then u = uiuj,ju2 and w — V-Sjv^. The 
cases that ii — uiU2ju3, j < k and u C N k-i,k are similar. □ 

We now classify the internal covers of v. For this purpose we may assume Supp(w) 

has a single component. For k,£ < M let A^^^ = /jf^ Ili'^^ and for m < k,i let 
Yk,e — T\k Tfi 

Lemma 6.17. Suppose v (z Z is such that Supp(ti) consists of a single component 
[m, M] . 

(1) If M < n (resp. m > 0) then the internal covers of v are precisely those 
obtained by inserting missing letters into u C V^,*^'^^ (resp. u C „i) 
where u is the unique element of TiX {v) (resp. TZ^{v)). 

(2) If m = and M = n, consider the normal embedding Vnoi C u' . Then the 
internal covers of v are precisely those obtained by inserting missing letters 
into Vnoi C u' (normal covers), plus the special cover, which is obtained 
from the special embedding of Vsp by inserting the first missing letter. 

Proof. Since internal covers do not change the support and the support is assumed 
to be an interval, by Lemma 16.41 adding any missing letter of [m, M] creates a 
cover. Any internal cover w € Cy has the same support as v. If M < n then w has 
a reduced word that is a V, and removing one of its letters yields a reduced word 
for V that is a V. By uniqueness this word must be u. This proves (1) for M < n, 
and m > is similar. For (2) suppose Supp(w) = /af. Let w G C„. Consider the 
normal embedding of Wnor, which is unique since Supp(u') — /af . There is a unique 
letter in Wnov whose removal yields an embedded reduced word u for v. It is easy 
to check that u is either Unor normally embedded or Wgp specially embedded. □ 

6.6. Associated coroots. Let v < v' with v,v' G Cn and let u £ Ti-{v) and u' £ 
Ti-iv') be such that u C v! . For j C v! , define a^(u C w', j) to be a^„, if adding the 
given occurrence of j to u creates a reduced word for a cover w>v, and otherwise. 
In particular the value is if j C u. Define a'^{u C u') = X^jcu' ^j)- The 

following Lemma holds by the definitions. 

Lemma 6.18. Let vi < v'l, V2 < v'^, ui,u'i,U2,u'2 reduced words for vi,v'i,V2,V2 
such that ui C u'l and U2 C u'2. Then 

a^(uiM2 C u'iU2) — V2^a'^ {ui C u[) + a^(u2 C u'2). 
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It is straightforward to compute sums of associated coroots for subwords of 
increasing or decreasing reduced words. 

Lemma 6.19. Let < m < M < n and u C I]^yi or u C li^. Then 

a'iu C /T*f) - + a^+i + ■ • • + a)(, if M < n 

a^(wC/0 = a^+a^i + ••• + < tfm>Q 



where k — firstgap(ii C u') for v! = /j^ or u' — • If k does not exist (that is, 
u — u' ) then the sum is 0. 

Next we compute sums of associated coroots for subwords of Vs and As whose 
support are intervals. We assume there is a letter missing in the initial monotonic 
part of the embedded word; otherwise the result is given by Lemma 16.191 

Lemma 6.20. Let v E Z have Supp(f) = [to, Af] C /^f- Suppose u G TZ^ {v) with 
M < n (resp. u £ TZ^{v) with m > 0) of the form u ~ uiU2 with ui C I Im 
(resp. Ml C /T^^j and U2 C /Tm+i (resp. u-i C so that u C V^^'^'^ 

(resp. u C K^^). Suppose that ui ^ u' for u' = (resp. u' — /Tm J so that 

k = firstgap(ui C u') is well-defined. Let k' — firstgap(u2 C u") where u" — /Tm+i 
(resp. u" = lini^^)'! "^2 = u" then set k' = M + 1 (resp. k' = m — 1). Then 



(6.3) 



Proof. Since Supp(w) is an interval and we are adding letters in that same interval, 
adding any missing letter creates a reduced word by Lemma 16.41 Let V2 £ Z he 
such that U2 £ TZ{v2). 

Let M < n and u C V^™^'^^. Suppose m > 0. We have 

a^K C /O = a^. + ■ • • + + 

By the assumption on support, since k ^ Supp(ui) we have k £ Supp(u2) and 
k i^k! . Therefore 

z;2-ia^Kc/C) = «™ + --- + ar_i. 

By Lemma [6. 181 the desired expression is obtained. 
Suppose TO = 0. Since £ Supp(u') we have 
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a^(ui c /i^" ) = < + "Li + • • • + + 2«;( 

o^ + ---+"r'-i) + K' + ---+«Li) iffc>fc' 



' ^ ' -^''^"l2(ao^ + --- + «Li) + K + ---+aV_J ifA<fc^ 



By Lemma 16.181 we obtain the desired formula. 

The other computations are similar. □ 
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Lemma 6.21. Suppose v €z Z is such that Supp(i') = /af with normal embedding 
Vnoi C Nk,k-i, Vnor does not contain IIqC Nk,k-i, and £ = firstgap(wnor C A^fc,fc-i). 
Then 



Lemma 6.22. Suppose v Z is such that £(v) < 2n and Supp(w) = [m, M] is an 
interval. Then the sum of a^^ as w runs over the internal covers in C^, is given by 



Proof. We begin with the most involved case, when Supp(w) = /af. In this case 
we must show that J2wec ^vw — '^i'^o + ' ' ' + Q^n) — 2/^. By Lemma I6.17| 
S«)GC„ '^vw = Q;^(^^nor C u') + a^„. where Unor C u' is the normal embedding. 
For the computation of the special coroot a^„. we shall refer back to the proof of 
Lemma 16.141 without further mention, for the explicit computations of the special 
embedding Vsp C u" given by rotating the normal embedding Wnor (1 u' at p — 
lastgap('ynor C u'). The reader may find the table after Lemma [6.141 helpful . 

Suppose that Wnor C Nk^k-i is the normal embedding for some 1 < fc < n. Let 
£ = firstgap(wnor C Nk^-i) and p = lastgap(wnor C Nk,k-i)- 

Suppose £ c ifr^C Nk,k-i. We have p C /T^"V iVfc,fc-i, w*or C iVp,p-i 
is normally embedded, and £ = firstgap(?;*Qj. C Np^p^i). We compute a^^. — 

Si-i ■ ■ ■ sisosi ■ ■ ■ Sn-iSnSn-i ■ ' ' Sfc(afc^i) = 2{a}^ H h a^) - (a/ H h Qfc- i). 

Combining this with a^(unor C A^fc,fc-i) + + from Lemma [6.191 we 

obtain the total 2K. 

Suppose £ C /iJ^^C Nk,k-i- Since Supp(u) = /af, £ C /T^^^C Nk,k-i appears 
in VnoT- Suppose p C /ti~^C Nk^k~i- Suppose first that p > £. Then t;*^^ C 
Np,p-i is normally embedded with firstgap(w*Qj. C Np^p^i) = £. We have a^^, = 

Sf- ■ ■ ■ Sn-lSnSn-l ' ' ' gfcO^fc-i = 2(0^ H h ) - (o!^ H ^"fc-l)- % 

Lemma lOTl for £ < k we have a^(unor C Nk^-i) = 2(a^ H h + (a/ + 

• • • + and the total is 2K. Suppose next that p < t. Again t;*^^, C Np,p-i is 

normally embedded and firstgap(v*oj. C Np^p^i) =1 — 1. The coroot computation 
is similar to the previous case. By definition p occurs after £ in iVfc,fc-i so the 
remaining subcase is p C Ii{c Nk^k-i- Then v*^^. C Np_i^p is normally embedded 
and firstgap(w*Qj. C Np_i^p) = £ — 1 C lip^^. The coroot computation is similar. 

Suppose £ C /i^~^C Nk^k-i- Since Supp(w) /af, fc — 1 must occur in Wgp 
after £. In all cases firstgap(?;*or C u") = £. If p C /fi^^C NkM-i then u*^^. C 
Np^p-i is normally embedded with a^„. = Sfc_iSf+i • • ■ s„_is„s„_i ■ • • Sk{a'^_i) = 
Sfc-i(2K+i + • • • + a^) + (a^i + • • • + a,^)) = 2(ay+i + • • • + a,^) + (a^ + • • • + a/). 
Combined with a^(-y„or C A^fc,fc-i) = 2(a^ H h a^^i) + (a^ H h a^) from 

Lemma [6.211 we obtain a total of 2/^. If p C /jJ^^^C Nk^k-i then C Np_i.p is 
the normal embedding with coroot computation proceeding as in the previous case. 
If p C /J.fcC Nk.k-i then v*^,. C Np^p+i and the coroot computation proceeds in 
the same way. 




Proof. Follows from Lemmata 16.181 16.191 and 16.201 



□ 



- xiM < n)(-a)(^+i + w"^aM+i) 
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The case Vnoi C k-i.k is very similar to the case Wnor C Nk^k-i with £ C 
lf,-'cNk,k-ia.ndpClf,^\ 

This finishes the case Supp(f ) — I^i- 

Next we consider the case m = and M < n. Let u G TZ^ (v) with u C V^''^'^'^ . In 
this case the sum of for w G Cy an internal cover of u, is equal to (u C V^'^''^'^). 
Let u = Ui0u2 where ui C /jf and U2 C /jf . Let a C /if (resp. 6 C /ff ) be the 
first missing letter from ui (resp. U2), which exists if ui lif^ (resp. U2 ^ /Ti^)- 
By Lemma 16.201 we have 

a^(?/cy*'^'*^) = 
'2(ao^ + . . . + a^^i) + (ar + • • ■ + a^/) if ^^i ^ 



if = /if and M2 /Tf 



ifui=/if andu2 = /tf . 

Consider /3 = ~Q;m+i +''^~^'^m+i- Suppose first that u\ ^ /if. Since a is missing 
from ui and Supp(u) = [0, M] is an interval, a G U2. Therefore [3 — —a\jj^i + 
SaSa+i ■ ■ ■ SMOt\ij_i = Qf^ + • • • + o^,^, which yiclds the desired total. Suppose 
ui = /if and U2 7^ /if. Then /3 = + Sb-i • • • siSqSi • • • smOm+i = 

2{a^ H h J + (a^ H h q^m) as desired. If ui = /if and U2 = /if then 

P = + SA/ ■ ■ • siSqSi • • • SMa\j^i = 2(q;^ H h aX/) as desired. 

The case that m > and M = rt is entirely similar to the previous case. The 
remaining case is < to and M < n. Using u S TZ^ {v) and uimu2 — u C V^'^ , 
the proof is similar to the case for m — and M — n except that one must also 
compute —ctm-i + "'^'^m-ii which equals + • • • + a]^_i if U2 7^ Tf+i a-nd 
equals H h if U2 = /if+i- □ 

6.7. Proof of Proposition [6711 We fix u e Z with £(v) < 2n and i G /af. Let 

= {w G Cu la/ occurs in a/^}. 

Case 1. i ^ Supp(w). Let w G C'^. Since a/ occurs in a/^, and z Supp(w) it 
follows that i G Supp(u'). It is easy to check that occurs in with coefficient 
1. The desired multiplicity is obtained by Lemma l6.16l 

Case 2. i G Supp(u). Let C = [to, M] be the component of i in Supp(f;). The 
covers in C.y add letters that are either in C or adjacent to C. 

Case 2a. C = /af. In this case there are only internal covers. Therefore 
J2wec ^vw — 2(0^0 + • • • + ctn) by Lemma 16.221 Since c{w) = c{v) for all such w, 
Proposition 16. II is verified in this case. 

Case 2b. C = [0, M] with M < n. (The case C = [to, n] with m > is similar.) 
Write V — vcv' where v' is the product of the components of v other than vc- Then 
the internal covers in C'^ consist of the w G Cy such that wc > f c a-nd wc = vc 
for components C" of Supp(ti) with C ^ C. The sum of a^^ for internal covers 
of ?; in C^, is given by Lemma 16.221 For such w we have c{w) = c(v). Suppose 
M + 2 ^ Supp(t;), so that A/ + 1 is u-adjoining. Then all the noninternal covers 
w ^ C'y adjoin the letter M + 1 to C; such w satisfy c{w) = c{v) also. By Lemma 
16. 161 there are exactly two adjoining covers in C„, namely, sm+iv = u's^z+iwc and 
vsm+1- The latter has associated coroot or^j^i and therefore does not contribute 
a/ for i £ C. For w = Sm+iv we have a^^ = VQ^a\f_^i. Combining this with the 
sum of coroots for internal covers associated to the component C of Supp(w), by 
Lemma [B. 221 the coefficient of a/ is 2 as desired. Suppose M + 2 E Supp(w). Then 
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M + 1 is w- merging. By Lemma [6.161 there are fom^ covers w ^ Cy that add M + 1; 
each has c{'w) — c{v) — 1. Their associated coroots are 

V V 

V _ — 1 V 

^V,V'SM + 1VC ~ + 1 

V V I — 1 V , / /\ — 1 V 
Cv,SM + iv'vc = -"A/+1 + % "M+1 + ) "AZ+l 

V / — l V 
0'v,vcSM + lv' ^ ("^ ) 

The sum of these coroots, forgetting the aj for j ^ C, is 2(— Q!)(j^^ + I'^'^aM+i)- 
Together with the coroots corresponding to internal covers given by Lemma 16.221 
which receive a relative factor of 2 since c{w) — c{v) for internal covers and c{w) = 
c{v) — 1 for merging covers, gives the desired result. 

Case 2c. < m < AI < n. The computations for this case are similar to those 
above. 

This completes the proof of Proposition [Ol 

7. HOPF PROPERTY OF $ 

In this section we prove Theorem 15.51 
7.1. A coproduct formula for nilHecke algebras. In Proposition 17.11 below. 

(2) 

we give a complicated but explicit formula for 0q '{A{Am)) for w G W^f- This 
formula is valid for the nilHecke algebra for any Cartan datum. 

Let V £ TZ{w) and consider the tuples v = [v^^\v'''^\ . . . ,v'^''''] consisting of 
subwords w*^*^ C v (the embedding of the w'*-' are fixed). Let Xi (resp. yi) be the 
first (resp. last) letters of considered as subletters of v via the embedding 
Xi C w^*'' C V. Define 5^ to be the set of (possibly empty) tuples v — [v'''^\ . . . , v'^^^] 
such that: 

(1) t;(*) is a subword of length at least two of u \ {xi, . . . which is the 
word V with the letters xi, . . . , Xi-i removed; 

(2) y = j/12/2 • ■ ■ J/fe is a subword of v; and 

(3) the letters Xi are distinct from the letters yj as subwords in v. 
For a word u = uiU2 ■ ■ - ui and a tuple v = [v'^^\ . . . , t;'*^^] let 

l-l k 

'i = l 2=1 

where 6y = —{ct^, ctj) ~ ^ciij is the negative of the entry of the Cartan matrix. 

For a given v = [v'^^\ . . e Sy let x = {xi, ...,Xk} and y = {yi, . . ■,yk}- 

Then set v \ {x (J y) to be the word v with the letters in x and y removed. For a 
subword u C v \ {x U y) (again with a fixed embedding), define u.y to be the word 
u with the letters in y added in the correct order of v. 

Proposition 7.1. For w G W^i and v G Ti{w), 

(7.1) 4^^A(A„)= J2 XI Au.y(E)A^±,y 

v=['u(i),...,t)<'=)]G5„ uCv\{xUy) 

where is the complement word of u in v\ {x U y). 
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Example 7.2. Take v = ijkl and v = [iM^ with iM'^ — v, so that v\{xUy) = jk. 
Take the subword u = j of w \ (x U y). Then u.y = jl and u^.y = kl, so that the 
term A^.y 'Si Aj^± y = Aji (Ei Aki appears with coefficient bijbjkbki for this particular 
V and u in the sum. Of course such a term can appear in other summands. For 
example taking v = [ikl], we also have v\{xUy) — jk. Taking again u = j, we get 
the term Aji (g) Aki with a coefficient of bikbki- 



Proof of Proposition ]?. 1\ The proof proceeds by induction on £{111). For £{10) = 1, 
let w = i e n{w). We have Sy = {[]}, so that (j)''^^ A{A^) = J2ucv <S> A^± = 
A, 1 + 1 A,. 

Now suppose £{w) > 1 and let v — v'i £ TZ{w) where i ^ lai. By induction, ()4.6p 
and (14. top we have 

(7.2) 



^ 6v' ^ Au-.y' ® A(^,)^,y, 

v' = ['u'(i),...,i;'('=)]G5„/ u'^v'\(x"Jy') 

{A,®l + l® A^- A^® a^Ai)] 

= [D'(i),...,D'('=)]e5^, u(lv\(x'\Jy') 



Au.y' ® ^M^.j,' 



Au'.y'i (8> ^C,,' 



(u')^.y'(^iAi 



E E 

4D'(i),...,t>'('«)]e5„/ m'Cd'\(2:'Uj/') 

where to obtain the first term in the last equation we have merged the terms 
obtained from Ai®! and 1® Ai which correspond to i G m and i respectively. 
From (|4.3p and (|3.9p we have, for an element w with reduced word z — Z1Z2 • ■ • 

4>n[Aw{-ai)]= E -{P'^ ,ai)Ay,s^ 
fe 

fe / 

~ I ^j,rxbri,r2 

j=l \ ri---riCZj + i---Zfc 



= E E ^pM-. 

j — l pdzi 

where in the last equation p — pi ■ ■ ■ is a, subword of zi satisfying: (a) £>2, (b) 
pi — i, and (c) pi = Zj. Applying this equation to the last summand of (|7.2p with 
z — {u')^.y we see that it suffices to find a bijection $ from the set of triples 

{v' ^[v'^^\...,v'^%u',p) 

such that (a) v' e S^', (b) u' C v' \ [x' U y'), and (c) p = pi ■ • - p^ is a subword of 
{{u')^.y')i satisfying pe = i and > 2, to the set of pairs 



(v 
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such that (a) v e 5^,, (b) u C v \{x U y), and (c) yr — i. Furthermore under $ we 
must have (a) 6v = h^' , (b) u.y — u'.y'i and (c) w^.y equal to the word {u')^y'i 
with the letter pi removed. 

Given (v' = [v . . . ,v '■'^-'], we consider two cases. If pi ^ y' we define 

V = [v . . . ,v ^''\p] and u — u'. It is clear then that v E Sy and we have 
X ^ x' \J {pi} and y — y' U {i}. Since pi G (u')-^ we see that u C v \ {x U y) and 
that is (m')"^ with pi removed. 

Now suppose pi — yj for some 1 < j < k. We define the fusion of two words zi 
and iz' , where z, z' are words and z is a letter to be zi ★ iz' — ziz' . Here, all words 
and letters are considered subwords of v. Let v = v -k p be the fusion of v 
and p, which is defined since the last letter of v and the first letter of p are the 
same. Define v = [v . . . ,v'^i\ . . . ,v '-''\v] where the hat denotes omission. Now 

V satisfies all the conditions of except possibly condition (1). We produce v 
from V by the following shuffling procedure. Suppose v = vi ■ ■ ■ Vs and let i € (1; s) 
be the maximal index (if it exists) such that vt Ex', say vt = x'^ where m G (j, k). 
We now define u^*^^ = vtVt+i ' ' 'is and replace v with v = {vi ■ ■ ■ vt-iVt) * v 
Now repeat the procedure with the new v, searching for some m' G {j, m) such that 
Vt' — x'^, for t' G (1, t — 1). When no more shuffling occurs, we label the subwords 
v^^\ . . . , v''-'^^ in order. Note that the for r ^ j are always kept in order. By 
construction v G <S„ and we have x = x' and y = {y' \ {yj}) U {i}. We define 
{u = u' \J {yj}) CZ v \ [x U y) and check that u.y — u' .y'i and u^ = (^O^- We now 
make the crucial observation: shuffling is invertible if the letter yj G f ''^^ is given - 
we will call this "performing inverse shuffling at y/'. This completes the definition 
of 

We now define Given (v = . . . ,v^^^,u) we consider again two cases. 

If v^"^"^ n u = we proceed by defining (v' — [v . . . ,v = u,p = w^''^). 

Otherwise, suppose f = v[^^ ■ ■ ■ v'f^ and let t G (1, s) be the maximal index such 
that Wj'-* G u. We define p — v[^\[^i • • u' = u\ {v[^^} and to produce v' 

(r) 

we perform inverse shuffling at v^. . It is straightforward to show that this process 
well-defines a map that is inverse to <&. □ 

7.2. Proof of Theorem mH RecaU that by TheoremO 
Pr — Ap^ + non-Grassmannian terms. 
By Theorems 14.61 and 15.11 in order to prove Theorem 15.51 it suffices to show that 
(j)^Q\A{Ap^)) = I iSi Ap^ + Ap^ 1^1 + 2 + non-Grassmannian terms. 

l<s<r 

We have used the fact that if w is not Grassmannian then any term A^ ® Ay 

(2) 

occurring in 0q (A(A„)) has either x or y non-Grassmannian. 

We apply Proposition 17. II to the case w = pr and v the unique reduced word of 
Pr, which by is given by 

f (r - 1) (r - 2) • ■ • 1 forl<r<n, 

V — < 

I2ri + 1 — r2n + 2 — r---n— Inn — 1---10 for n < r < 2n, 

where, by convention, if a letter occurs twice in pr the left occurrence is distin- 
guished by a bar. 
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The terms l(E)Ap^+Ap^(E)l come from v = [ ] G iS„ and u = % and u = v va (17. 1|) . 
All other u <Z v yield non-Grassmannian terms. 

Now we calculate the coefficient of the term Ap^ ® Ap^_^ for s > 1. Since the 

operation o A is cocommutative, it suffices to consider the case s <r — s. 

Define R to be the set of letters occurring in PrP^\ (together with the bars, if 
any) . If ?' — s — 1 G i? (in particular r — s — I < n) define i? to be i? with ?' — ,s — 1 
replaced by r — s — 1; otherwise set R = R. li s — 1 € R define i?_ to be R with 
s — 1 removed. If r — s — 1 G R- define R- to be R- with r — s — 1 replaced by 
r — s — 1; otherwise set i?_ = 

Lemma 7.3. Suppose s < r — s. The terms in Proposition \ 7. 1\ which give Ap^ (g) 
Ap^_^ are exactly the following tuples v G Sy and u d v \ {x L) y): 

Case I: r < n or r > n and s < 2n + 1 — r: 

y — s — 1 s — 2 ■ ■ ■ 1 0, X — xiX2 ■ ■ ■ Xs is a permutation of the letters in R 

or R, and u = 0; 
Case 2: r>n, s<r — s and s > 2n + 1 — r: 

In addition to the possibilities in Case 1 we may also have y = s — 2 ■••10, 

X — X1X2 ■ ■ -Xs^i is a permutation of the letters in i?_ or and u = 

Case 3: r>n, s~r^s and s > 2n -\- 1 — r: 

We have either y — s^\s — 2---\0,u — and x is a permutation 
of R; or y ~ s — \ s — 2 ■ ■ ■ \ , u = % , and x is a permutation of R; or 
y = s—2 ■ ■ ■ 1 0, u = s— 1, = s — 1, and X is a permutation of R- = 
or y = s — 2 • • • 1 0, u s — 1, = s — 1, and x is a permutation of 
R- =R-. 

Proof, u.y ~ ps is embedded as a subword of p^ in two ways: s — Is — 2 •••10 or 
s — Is — 2 •••lO. Similarly if r — s > n then w^.y = Pr-s C Pr and if r — s < n 
then .y is either r — s — Ir — s — 2 •••lOorr — s — Ir — s — 2 •••10. 

Suppose 0<p<s — 2is such that p ^ y. Then p E u and p ^ u^, so that 
p ^ u^.y, a contradiction. Therefore y Z) s — 2 • ■ • 1 0. This gives four cases. 

(1) w = and y = s - 1 s - 2 • • • 1 0. 

Here x can be a permutation of R or also of R provided r — s — 1 G i?. 

(2) w = and y = s^H" s - 2 • • • 1 0. 

Suppose r — s > n. Since .y contains s — 1 we have 2n + 1 — (r — s) < s, 
giving the contradiction 2n+ 1 < r. Therefore r — s <n. Again since .y 
contains s — 1 we must have r — s — s and u-^ = 0. Then a; is a permutation 
of R. 

(3) u ~ s ~ 1 and y = s — 2 • • • 1 0. 

s — 1 ^ w^.y. This can only occur if r — s = s, w^.y = s — Is — 2^^^10, 
and = s — 1. Then x is a permutation of R- = 

(4) u = s - 1 and y = s - 2 • • • 1 0. 

If r — s > n then a; is a permutation of Suppose s < r — s < n. If 
u-^.y = r — s — 1 r- s — 2-^^l then a; is a permutation of _R_ and if 
.y = r — s — Ir — s~2---10 then a; is a permutation of . If s = r — s 
then = s — 1 and a; is a permutation of i?_ = i?_ . 

In particular the last three cases only occur if s — 1 G pr, that is, 2n + 1 — r < s. 
This given, the Lemma follows. □ 
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By Lemma 17.31 the possibilities for the tuples v g iSt, which contribute to the 
coefficient of (X>Ap^_^ in i/iq^' (A(ylp^)) are determined by whether w = 0, u = s— 1 
and u = s — 1. We denote the corresponding subsets of Sp^ by Su- Note that 
5s- 1 = Sj^. Define 

Proposition 7.4. Depending on the case of Lemma \7.S\ we have — 2 or + 
TL-=2 orTI^ + r^_^+TL-=2. 

Proposition l7.4l shows that the coefficient of ®Ap^_^ in (/)g (A(j4p^)) is equal 
to 2, thereby proving Theorem 15.51 

The proof of Proposition 17.41 is given in Section 17. 9|, after first preparing some 
technical preliminary results in Sections 17.3117.81 

7.3. Notation. For the evaluation of we require slightly more general functions. 

Let xly be an embedded subword of pr with a; and y subletters, and / a subword. 
Let S^^ be the set of all subwords p of pr with first letter x and last letter ij such 
that p n / = 0. Then define 

Given sequences x = xiX2 ■ ■ ■ Xk and y — yiy2 ■ ■ ■ 2/fc of subletters of pr we define 

k 

T {x,y) = n^{aJi^.'..,a;;_i}n(xi,yi) 
i=l 

where {xi,yi) denotes the subword of pr occurring between the letters Xi and y^. 
Finally, let T(x,y) be obtained from T'{x,y) by ignoring the extra power of 2 (if 
any) which arises when yk = 0. 

Given an interval [t, q] of unbarred letters and a set X of barred letters, let 
f{t,q,X) denote the sum of T{x,y) as x varies over all permutations of X and 
y = lil ~ l)---^- We always assume \[t,q]\ — \X\, and write k = \X\. Given 
{t,q,X), we partition X into subsets A, B, C where 

(1) A C X consists of letters greater than q, 

(2) B c X is a. subset of [t, q], 

(3) C C X consists of letters less than t. 

Thus X is the disjoint union of A, B, and C. In the following we will write X ~ a 
to mean the set X — {a} with the element a e X removed. For a set S of (barred) 
integers let S~ denote S with its maximum element removed. 

Now let us suppose that we are given a set X of barred and unbarred letters, 
such that X is the disjoint union of sets A, B, C, U, and U', satisfying: 

(1) C/' is a set of unbarred letters including n, 

(2) A consists of some barred letters in X greater than q, 

(3) B consists of the barred letters in X in the interval [t, q], 

(4) C consists of the barred letters in X less than t, 

(5) U consists of some barred letters in X greater than q, 

(6) every letter in U or in U' is greater than every letter in A, B, and C, 

(7) the minimum element of U is smaller than or equal to the minimum element 
of U'. 
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Denote by g{t,q,X) the sum of T{x,y) as x varies over all permutations of X 
such that all letters in U occur to the left of all letters in U' and y = q{q — 1) ■ ■ -t. 
Let us call X balanced if min([/') = mm{U). Note that if X is unbalanced it will 
stay unbalanced if min([/') is removed from it. 

Let us now suppose that yi — q (instead of q), but the rest of y is as before. 
Denote the answers by f'{t,q,X) and g'{t,q,X) and use all the same conventions 
as before. 

Results about these various functions are proven in Sections 17.4117.71 We are 
ultimately interested in the case that X is one of R, R, R-, or R- and y is one of 
the words described in Lemma 17.31 In Section [7.81 we explain how to construct the 
various subsets A, B, C, U, and U', before proving Proposition 17.41 in Section [7?9l 

7.4. Results for Tj^ . In this section we calculate Tj^ , which gives the contribu- 
tion from a single pair of letters x and y. 

Lemma 7.5. Let xly be an embedded subword of pr with x and y subletters, I a 
subword, and y < n. Then 

{1 if I ~ % or min(/) = max(a;,y) 
-1 = {n} or min(/) = {z J} 

else 

where min(/) consists of the 0,1, or 2 smallest letters of I and in the comparison 
min(/) — max(a;, y) we ignore bars. 

Proof. Let p = pip2 ■ ■ - pe & Sj^ be such that bp ^ 0. Then pi — pi+i G {±1,0} 
for all 1 < i < £. Since never occurs in pr, y = and x — y cannot both hold. 
If y = then since 6io = 2, bp contains a factor of two, giving rise to the overall 
factor 2x(?'="). 

Since p is a subword of the unique reduced word of pr and the latter word is a A 
(see subsection l6.ip . p crosses at most once from barred to unbarred letters. Suppose 
ij are consecutive letters in p. Then j E {i — 1, i,i + l} and the corresponding values 
of bij are 1, —2, 1 provided that j ^ n. 

The contributions of the paths that only differ by...zz— 1..., . . .i i i — 1 . . . 
and ...ii + lii^l...all cancel out. For y > x, the contributions of the paths 
which differ in . . .y — 1 y . . ., . . .y — 1 y y . . and ... y — 1 yy + 1 y . . . all cancel 
out. For X = y the paths y y and y y + 1 y leave a net contribution of —1. 

The case ij = n — In is special since 6„_i„ — 2. Given the above discussion, it 
is tedious but not difficult to check all cases claimed in the lemma explicitly. □ 

In the following sections, we will use Lemma 17.51 repeatedly without mention. 

7.5. Results for /(t, q, X): Barred letters only. In this section we derive results 
for f{t, q, X), which is defined for a pair of unbarred letters t, q and a set X of barred 
letters. It follows from its definition that f{t, q, X) only depends on B and the sizes 
\A\ and |C|. By definition f{q,q,%) ^ 0. 

Let e{n) denote the function which is 1 when n is even and when n is odd. 

Lemma 7.6. // \B\ = then fit, q,X)^l. 

Proof. By Lemma l7.5l the only nonzero contributions to f{t, q, X) occur when / — 
{xi, . . . , Xi-i} n {xi,yi) — for all i. For this to hold for all i £ [1, g — t + 1], the 
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letters in x — (xi, X2, . . . , Xq-t+i) must occur in the same order as in pr. This term 
gives contribution 1 to f{t,q,X). □ 

Lemma 7.7. Suppose X ^ (d. If t B then f{t,q, X) ^ f{t + 1, q, X-). 

Lemma 7.8. Suppose \C\ > 0. Then f{t,q, X) = f{t + 1, q, X-). 



Proof. By Lemma 17.71 this holds li t ^ B. Suppose t E B. We have two cases 
t = max(X) or t ^ max(X). In the first case, a sequence x can only contribute to 
fit, q, X) if Xk = max(C). But f{t + l,q,X- max(C)) = fit + 1, g, X") = 1 by 
Lemma [7.61 In the second case Xk may be max(X), t or max(C), all of which are 
distinct. Hence we have fit, q, X) ~ fit + 1, q, X^) + fit + 1, q, X — max(C)) — 
fit + l,q,X~t) by LemmaO Since fit + l,q,X -t) = fit + l,q,X- max(C)), 
we conclude that fit, q, X) = fit + 1, q, X~). □ 

Lemma 7.9. Suppose \C\ > 0. Then fit,q,X) = 1. 

Proof. This follows from Lemmas 17.61 and 17.81 bv induction. □ 
Lemma 7.10. Suppose \C\ = 0. Then fit,q,X) = e(|B|). 

Proof. We proceed by induction on the size of X. Suppose t ^ B. Then \A\ 
must be non-empty. The inductive step holds by Lemma 17.71 Suppose t € B. If 
t = max(X) then |X| = 1 and the result is trivial. Thus we may assume that 
t^ma^iX). Then fit,q,X) = fit + l,q,X-) - fit +l,q,X -t). By Lemma [721 
f it+l,q,X-) = 1. Also by the induction hypothesis fit+l,q,X-t) = e(|B| - 1). 
The result follows. □ 

7.6. Results for git,q,X): Unbarred letters as well. In this section we prove 
results for the function git, q, X), where X is a set of barred and unbarred letters. 

Lemma 7.11. Suppose \A\ = \B\ = \C\ = 0. Then git,q,X) = 1. 

Proof. Since by assumption all letters in U occur to the left of U' , again by 
Lemma 17.51 the only contribution to git,q,X) occurs when all letters in x occur 
in the same order as in p^- D 

Lemma 7.12. Suppose X is unbalanced and \C\ > 0. Then git,q,X) — 1. 

Proof. We proceed by induction on |X| . lit ^ B then for a non-zero contribution we 
must have Xk — min(C/'). If \U'\ = 1 the result follows from Lemma FTOl Otherwise 
it is the inductive hypothesis, li t £ B then Xk may be equal to max(C), t, or 
min(C/'), which are distinct. Hence we have g(t, q, X) = g(i + l,q, X — min([/')) + 
git +l,q,X — max(C)) — git+ l,q,X — t) by Lemma 1731 Since git +l,q,X — t) = 
git ^l,q,X — max(C)), we conclude that g(i, q, X) = g(t + l,q,X — min([/')). The 
argument now proceeds as for t ^ B. □ 

Lemma 7.13. Suppose X is unbalanced and \C\ — 0. Then g(t,q,X^ — t(\B\). 

Proof. We proceed by induction on |X| . lit ^ B the argument is as for Lemma r7.12l 
lit e B, we may have Xfe G {i, min([/')}. Thus .g(<, g, X) .g(i+l, g, X-min(C/'))- 
git + l,q,X — t). By induction and Lemma [7. 121 this is equal to 1 — e(|-B| — 1), as 
required. □ 

Lemma 7.14. Suppose X is balanced and \C\ > 0. Then git, q, X) — ei\A\ + \B\ + 

\c\). 
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Proof. We proceed by induction on \X\. Let a = max(A U B U C). U t ^ B 
then g{t, q, X) = g{t + l,q,X - mm{U')) - g(t + l,q,X - a). By Lemma FrT2l 
g{t + l,q,X — min(?7')) = 1. If a £ C and |C| = 1 then the result foUows from 
Lemma FT-lli otherwise it fohows by induction. If t E B then g{t,q,X) — 

g{t+l,q,X-min{U'))-g{t + l,q,X-a)-g{t + l,q,X-t)+g{t + l,q,X-max{C)). 

Note that this formula holds even if t = a. Clearly, the last two terms cancel, so 
the result follows by induction and Lemma [7. 121 □ 

Let 9{n) be the function with values 1, —1, 2, —2, 3, —3, ... on the nonncgative 
integers. 

Lemma 7.15. Suppose X is balanced, \C\ = = \ A\, and t E B. Then g{t, q, X) = 

e{\B\). 

Proof. We proceed by induction on \X\. We have 

g{t, q, X) = g{t +\,q,X- min(C/')) - g{t + l,q,X-t)- g{t + l,q,X -b) 

where b — max(_B). Again this holds even if < = 6. By Lemma [7. 121 9{t + ^,<1, X — 
min(J7')) = 1. The result follows from induction ii t = b since g{t + 1, q, X — t) — 
9(0) = 1. Assume t ^ b. By Lemma [LH g{t +l,q,X -b) = e{\B\ - 1). By the 
inductive hypothesis, g{t + l,q,X -t) = e{\B\ - 1). But e{\B\) = 1 - 9{\B\ - 1) - 
e(|i?| 1), proving the lemma. □ 

Lemma 7.16. Suppose X is balanced and \C\ = 0. Furthermore suppose that either 
we have \B\ = or we have B — [t',t"] for some t' > t and \A\ <t' — t. Then 
g{t,q,X) = {-l)\^\e{\B\)+emH\A\-^)- 

Proof. First suppose \A\ = 0. If \B\ = then g{t, q, X) = g{t +l,q,X - mm{U')) 
and we are done by Lemma 17.131 Otherwise let t' = min(i3). If t = t' we are done 
by Lemma [7. 151 So let t' > t. We proceed by induction on t' ~ t > 1. Thus t ^ B 
and g{t, g, X) = g{t + 1, g, X — min(t/')) — g{t + l,q,X~b) where b — max(i?). By 
inductive hypothesis and Lemma [7.13[ g{t,q,X) = e{\B\) — d{\B\ — 1) = 9{\B\), as 
required. 

Now suppose that |yl| > 0. Then t ^ B and by Lemma [7.131 and induction we 
have 

g{t, q, X) = g{t + 1, g, X - min(C/')) - g{t + 1, g, X - max(A)) 
= e{\B\)-({-l)\^\-^9m)+<\BM\A\-2)) 

= {-l)\^\9{\B\)+e{\BM\A\-l) 
as required. □ 

For the next lemma we assume that min(t/) > min(t/'). Suppose that min([/) S 
U' (though one is barred and the other unbarred). Define U'_ = {u E U' \ u < 
min(C7)}. 

Lemma 7.17. // |C| = 0, B = [t\t"] and \U'_ \ + \A\ < t' - t, then Lemma [T7^ 
holds as stated. 

Proof. The statements follow from the fact that a non-zero contribution only occurs 
with Xk = min(C7i). When \U'_\ becomes zero, X is balanced and we are in the 
situation of Lemma 17. 161 □ 
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7.7. Results for f'{t,q,X) and g'{t,q,X): One barred letter in y. Let us now 

suppose that yi = q (instead of q), but the rest of y is as before. Denote the answers 
by f'{t,q,X) and g'{t,q,X) and use all the same conventions as before. We state 
the relevant results. The proofs are identical to before. Let e'(n) = 1 — e{n) and 
d'{n) be defined on nonnegative integers by the sequence 0, 1, —1, 2, —2, . . .. 

Lemma 7.18. Suppose \C\ > 0. Then f'(t,q,X) = 1. 

Lemma 7.19. Suppose \C\ = 0. Then f'{t,q,X) = e'{\B\). 

Lemma 7.20. Suppose X is unbalanced and \C\ > 0. Then g'{t,q,X) — 1. 

Lemma 7.21. Suppose X is unbalanced and \C\ = 0. Then g'{t^q,X) = e'(|i?|). 

Lemma 7.22. Suppose X is balanced and \C\ > 0. Then g'{t,q,X) = e'(|^| + 
\B\ + \C\). 

Lemma 7.23. Suppose X is balanced and |C| = = \A\. Then g'(t,q,X) = 

e'i\B\). 

7.8. Defining U, U', A, B, C. Let us set X to be one of R, R, R-, or _R_ and pick 
y to be one of the words described in Lemma [7751 Thus t — and q G {s — 1, s — 2}. 
We describe how to construct U, U', A, B, and C. First we must have C = ^ and 
there is no choice for B and U' . We let A be the set of barred letters in X which are 
greater than q and less than all unbarred letters in X. We let U be any remaining 
barred letters in X . 

For example, in Case 1 of 17.31 when X = R, r > n, and 2n + 1 — ?■ < ?- — s, we 
would have i? = and 

U' — {r — s,r — s + 1, . . . ,n} 

U = {r — s,r — s + 1, . . . ,n — 1} 

A = {r - s - l,r - s - 2, . . . , 2n + 1 - r}. 

We claim that the sum g{t, q, X) of subsection [721 is equal to the same sum, but 
without the assumption that letters in U occur to the left of letters in U' . 

This is proved as follows. In the case that X G {R, R, R-, R-}, the letters in 
U are all present in U' . Let us take a permutation x of X such that T{x,y) ^ 0. 
Then it is clear that unbarred letters of X occur in x in the same order as in p^. 
Suppose Xi — n and there is a barred letter j (z U occurring to the right of Xi, 
say Xp = j where p > i. Then one checks that in x, (a) barred letters greater 
than j occur before xt, (Jo) letters in {n — 1, . . . , j + 1} occur between Xi and Xp 
and (c) no unbarred letter less than j occurs between Xi and Xp . We now define a 
sign-reversing involution: let x be obtained from x by swapping the locations of j 
with j. By Lemma [7.51 T(x, y) = —T{x, y). In other words, to calculate the sum of 
T{x, y) as x varies over all permutations of X we need only consider permutations 
X such that letters in U occur to the left of letters in U' . 

7.9. Proof of Proposition [7741 

7.9.1. Notation. Since t — and q G {s — l,s — 2} are known for the cases of 
Lemma 17.31 from now on we will denote the total contributions by f{X), g{X), 
f'{X), g'{X), where X G {R,R,R-,Rl} is one of the sets in Lemma [7731 We 
prove Proposition 17.41 by splitting into the cases of Lemma 17.31 Note that the 
terms of Proposition 17.41 alwavs differ from the corresponding numbers f{X) 
and g{X) by a factor of 2 (arising from yk — 0). 
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7.9.2. Case 1. liR = R then = 2/(i?). The resuh fohows from Lemma [7J71 
Suppose R^^. By Lemma ITTtI we have g{R) = (— l)" + e(a — 1), where a = 

for X = R. Similarly, we have g(R) = (-1)°"^ + e(a). Thus g{R) + g(R) 1, so 

7.9.3. Case 2. If R consists only of barred letters, then we have f{R) + f{R-) = 1 
by Lemma [7. 101 

Otherwise we need to calculate g{R) + g{R ) + g{R) + g{R-)- Let a and h be 
the sizes of and \B\ when X — R. Then by Lemma [7. 171 

giR) = i-ireib)+eib)e{a~l) 

g(R) = (-ir-'9{b) + e{b)e{a) 
g{R-) = {-iye{b - 1) + e{b - l)e{a ~ 1) 
g(RZ) = (-l)"-i0(& - 1) + e(6 - l)e(a) 

and the sum is 1. 

In both cases + T-^—j- = 2 as required. 

7.9.4. Case 3. Let 6 = 3s - 2n - 1 be the size of B in R. Then g{R) = 
and g{R-) = — 1) by Lemma [7. 171 For the case j/ = s — Is — 2---0we have a 
contribution of = 0'{b - 1) by Lemma[L23l We calculate T(J + T^ + T!._^ = 
2{0{b) + e'{b - 1)) + 20{b - 1) + 29{b - 1) = 2. 

Appendix A. Pj 

In the data that follows, elements of Cn are indicated by reduced words. 
Some Pi are expressed in the basis of Ag. 

A.l. n = 2. 

P2 = ^01 + Aw + ^12 + 2^20 + ^21 

IP3 = ^012 + ^101 + ^120 + A121 + A201 + A21Q 

P4 — ^0121 + ^1012 + ^1210 + ^2101 

A.2. n = 3. 

Pi = ^0 + Ai + ^2 + A3 

P2 = ^01 + ^10 + ^12 + 2yl20 + ^21 + ^23 + 2^30 + 2^31 + ^32 
P3 = ^012 + Aioi + A120 + A121 + A123 + A20I + A210 + 2^230 

+ ^231 + ^232 + 2A301 + 2^310 + A312 + 2A320 + Az21 
P4 = A012I + ^0123 + ^1012 + ^1210 + ^1230 + ^1231 
+ ^1232 + ^2101 + ^2301 + ^2310 + 2^2320 + ^2321 
+ A3OI2 + 2^43101 + A312O + A3I2I + A32OI + A32IO 
— ^01231 + ^01232 + ^10123 + ^12310 + ^12320 + ^12321 + ^21012 
+ ^23101 + ^23201 + ^23210 + ^30121 + ^31012 + ^31210 + ^32101 
= ^012321 + j4ioi232 + ^123210 + ^210123 + ^232101 + ^321012 
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A.3. n = 4. 

Pi = ^0 + ^1 + ^2 + ^3 + ^4 

P2 = ^01 + ^10 + Ai2 + + ^21 + ^23 + 2^30 + 2^31 + A32 + ^34 

+ 2^40 + 2^41 + 2^42 + ^43 
IP3 — ^012 + ^101 + ^120 + ^121 + ^123 + ^201 + ^210 + 2^230 + ^231 

+ ^232 + ^234 + 2yl3oi + 2^3io + yl3i2 + 2A320 + ^321 + 2^340 

+ 2A341 + ^342 + A343 + 2v4401 + 2A410 + 2A412 + 4^1420 + 2^421 

+ A423 + 2^430 + 2A431 + A432 



4 — ^0121 ' 


V ^0123 ^ 


f A1012 4 


- ^1210 4 


' ^1230 H 


' ^1231 + ^1232 + ^1234 


+ ^2101 - 


- ^2301 - 


' ^2310 4 


' 2^2320 


+ ^2321 


+ 2A23AO + A2341 + ^2342 


+ ^2343 - 


- ^3012 ~ 


V 2A3101 


+ ^3120 


+ ^3121 


+ ^3201 + ^3210 + 2^3401 



+ 2A3410 + A3412 + 2^3420 + ^3421 + 2A3430 + 2yl343i + A3432 + 2^4012 
+ 2A4101 + 2A4120 + 2^4121 + ^4123 + 2^4201 + 2^4210 + 2^14230 + ^4231 
+ ^232 + 2A4301 + 2yl43io + A4312 + 2yl4320 + A4321 



Appendix B. Q\!^> 

In the following tables, for w g C° and A a partitfon, the {w, A)-th entry is the 
coefficient of Mx — 2^ ' Tfix in . We work in the quotient in (|2.23p and hence 
we expand in M\ for Ai < 2n. 



B.l. n = 2. 



1 





2 


11 


10 


1 


1 





3 


21 


111 


010 




1 


1 


210 


1 


1 


1 





4 


31 


22 


211 


14 


0210 




1 


2 


2 


2 


1210 


1 


1 


1 


1 


1 





41 


32 


311 


221 


2l3 


15 


10210 




1 


1 


2 


2 


2 


01210 


1 


1 


1 


1 


1 


1 





42 


411 


33 


321 


313 


222 


2211 


214 


16 


010210 








1 


1 


2 


2 


2 


2 


210210 






1 


1 


1 


2 


2 


2 


2 


101210 


1 


1 


1 


1 


1 


1 


1 


1 


1 





43 


421 


413 


331 


322 


3211 


314 


2^1 


2213 


21^ 


1^ 


0210210 








1 


2 


2 


2 


4 


4 


4 


4 


0101210 




1 


1 


1 


2 


2 


2 


3 


3 


3 


3 


2101210 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 
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B.2. n = 3. 



1 





2 


11 


10 


1 


1 





3 


21 


111 


010 




1 


1 


210 


1 


1 


1 





4 


31 


22 


211 


14 


0210 




1 


2 


2 


2 


3210 


1 


1 


1 


1 


1 





5 


41 


32 


311 


221 


213 


1^ 


10210 






1 


1 


2 


2 


2 


03210 




1 


2 


2 


3 


3 


3 


23210 


1 


1 


1 


1 


1 


1 


1 





6 


51 


42 


411 


33 


321 


31-3 


222 


2211 


21" 


1« 


010210 












1 


1 


2 


2 


2 


2 


103210 






1 


1 


2 


3 


3 


5 


5 


5 


5 


023210 




1 


2 


2 


2 


3 


3 


4 


4 


4 


4 


123210 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 





(il 


r,2 


511 


43 


421 


41'' 


331 


322 


3211 


31 i 


231 


221-3 


21" 


1^ 


0103210 










1 


1 


2 


4 


4 


4 


7 


7 


7 


7 


2103210 








1 


1 


1 


2 


3 


3 


3 


5 


5 


5 


5 


1023210 




1 


1 


1 


2 


2 


2 


3 


3 


3 


4 


4 


4 


4 


0123210 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 



Appendix C. P, 



(n) 



In the following tables, for w G C° and A a strict partition, the {w, A)-th entry 
the 
word. 



is the coefficient of the Schur P-function Px in pj,"^ . Again w is given as a reduced 



C.l. n = 2. 



1 





2 


10 


1 





3 


21 


010 




1 


210 


1 







4 


31 


0210 




1 


1210 


1 







5 


41 


32 


10210 




1 


1 


01210 


1 


1 







6 


51 


42 


321 


010210 




1 


1 


1 


210210 






1 




101210 


1 


2 


1 







7 


61 


52 


43 


421 


0210210 






1 


1 


1 


0101210 




1 


1 




1 


2101210 


1 


2 


2 


1 





44 



THOMAS LAM, ANNE SCHILLING, AND MARK SHIMOZONO 



C.2. n = 3. 



1 





2 


10 


1 





3 


21 


010 




1 


210 


1 







4 


31 


0210 




1 


3210 


1 







5 


41 


32 


10210 






1 


03210 




1 




23210 


1 









6 


51 


42 


321 






7 


61 


52 


43 


421 


010210 








1 




0103210 










1 


103210 






1 






2103210 






1 


1 




023210 




1 








1023210 




1 


1 






123210 


1 










0123210 


1 


1 
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